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PLANE TBIGONOMETRY. 



CHAPTER I. 

ON THE MEASUREMENT OP LINES AND ANGLES. 

1. Trigonometry, from Tpiyci>vov, a triangle^ and 
fierpeoD^ I measure^ means properly the science which 
treats of the measurement of triangles^ that is, of their 
^des, angles, areas, &c. ; being called either plane or 
spherical trigonometry, according as the triangles are 
drawn upon a plane or on the surface of a sphere, in 
which latter case the sides will be circular arcs and the 
angles curvilineal. 

But the word is now used in a much more extended 
sense, so as to include all manner of algebraical reason- 
ing about lines and angles, whether parts of a triangle 
or not, and, particularly, when that reasoning is carried 
on by means of certain quantities, which are called the 
trigonometrical Ratios or Functions of an angle. 

Of these Eatios we shall speak presently, so far as 
the subject of plane trigonometry is concerned. • But we 
must first make some remarks upon the mode in which 
lines and angles are represented for the purposes of 
algebraical reasoning. 

2. A line is repre$ented algebraically by some letter, 
as a, which denotes the number of times it contains 
a certain line, taken as the unit of measurement. 

Thus if the unit be a foot or an inch^ then the line a would 
be one containing a feet or a inchee, 

B 
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3. Here, however, we have unconBciously mtroduced 
the idea of a line having a positive or negative value. 
For a, we know, means + a ; and, if in our reasonings 
we should happen to arrive at some negative result as 
the value of a line, (if, for instance, it came out, at the 
end of a problem, that the value of a certain line was 
— J), What would this (— ) sign mean ? 

We shall shew that it indicates contrariety of direction 
to some line which we have before represented by a 
positive algebraical symbol. 

For let AB be a line, containing a units, which we 

express algebraically by a or + a. Then, 

if from the end B we measure off in the 
direction BA a line BG containing h units, the length 
of the line A G will be a — i units, and, therefore, its 
algebraical expression will be a — J. Now, if i be less 
than a, this expression for AG will be positive^ and G 
will also lie to the right of Aj that is, AG will be 
measured in the same direction as AB. But, if 5 be 
greater than a, then G will fall to the left of jI as at G'j 
and A 0' will be measured in the contrary direction to 
ABj its value in units being 5 — a ; while, at the same 
time, the expression a^b will become negative^ and may 
be written — (J — a). 

We infer then that, when the algebraical expression 
for a line is negative, the (— ) sign indicates contrariety 
of direction to a line which has been already assumed 
to be positive ; and, conversely, that if a line drawn in 
any one direction from a given point, when represented 
algebraically, be assumed to be positive, then a line 
drawn from the same point in the opposite direction 
must be considered negative. 




PLANE TBIGONOMETRT. 3 

4. An angle In Greometry is defined to be 'the in- 
clination of two straight lines to one anotner/ and must, 
therefore, be always of necessity less than two right 
angles. And the same will be tnie in trigonometry, 
properly so called, where we shall have only to deal 
with angles, which are actually angles of triangles. 
But, in the wider sense of the word, an angle may be 
imagined to be of any magnitude whatever, bemg con- 
ceived to be described by the revolution of a straight 
line about a given point from one position to another. 

Thus the angle BAC may be conceived to have been described 
by the revolution oi AC about A from the po- 
sition ^B to its present position: but this it 
'® may have done by going one or more times 
completely round, describing in each complete 
revolution four right angles about A, 

6. Here also we may shew, as in (3), that if an angle, 
formed upon one side of a line, by a line revolving in 
one direction, be assumed to be positive^ when expressed 
algebraically, then an angle, formed upon the other side 
of it, by a line revolving in the opposite direction, must 
be considered to be negative. 

For let BAG be an angle, formed upon one side of 
AB^ which we denote algebraically by -4 or + -4 ; and 
from AG take off in the opposite direction an angle 
CAD = jff. Then the algebraical expression for the angle 
BAD will be -4 — 5, and this will be positive or nega- 
tive, according as j1 is greater or less than B^ that is, 
according as BAD is formed on the same side of AB 
with the positive angle BA (7, or on the other side of AB^ 
as BAD ; in which latter case, its algebraical expression ' 
may be written — (jB — A\ where B^ A represents the 
actual magnitude of the angle, and the (— ) sign indicates 
its position with regard to the positive angle BA G. 

B2 
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6. It will be seen more fully, as we proceed, that 
the above principle, by which we are led to express by 
algebraical symbols the direction as well as the mag- 
nitude of lines and angles in our figures, is one of the 
utmost importance. Its uBe&lneas wiU appear by what 
follows. 

In solving a problem by common Geometry, it often 
happens that a difference in the figure may lead to 
a difference in the result. If, for instance, we have 
drawn a certain angle acutej when we might have 
drawn it obtttse — or upon one side of a line, when 
we might have taken it upon the other — ^we cannot 
always be sure that the result we have obtained with 
the one angle would also hold good with the other. 
Hence we are often obliged in pure Geometry to ex- 
amine different cases of the same problem, and some- 
times to state different modifications of the same result. 
An instance of this occurs in Euc. II. 12, 13, where the 
square of the side subtending an angle of a triangle 
is greater or less than the sum of the squares of the 
sides containing it, according as the angle is obtuse or 
acute; and two different propositions are required to 
prove this, the latter also being divided into three 
cases. 

Now in Algebraic Geometry it is found that any 
figure that we draw, consistent with the conditions of 
the problem, will lead us to a result, that shall be true 
for all possible cases comprehended in it, provided we 
attend to the above Eules with respect to the signs of 
lines and angles, of the same kind but drawn in contrary 
directicms^ and interpret our results also in accordance 
with our assumptions. We are led to these Eules by 
such reasoning as that in (3) and (5): and the truth 
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of them is confirmed by the perfect agreement of in- 
nmnerable results, of all possible kinds and degrees 
of complexity obtained by the Bules, with results 
obtained by the more laborious processes of common 
Geometry. 

7. In the annexed figure, BB^ DD^ are drawn, 

^ intersecting at right angles in A ; and 

AC^^ AC^^ AG^^ AC^j are supposed to 

U be different positions of the line AC^ re- 

m Yolving about A from a position coincident 

with -4jB, in the direction firom 5 to 2>, 

which it is usual to consider the positive direction. It 

is plain that the extremities of these lines will all lie in 

the circumference of a circle, whose centre is A. 

By the lines BB\ DD^ the whole angular space 
about A is divided into four equal parts, BABj DAB\ 
B'AD\ UAB^ which are called respectively the first^ 
second^ thirds and fourth qtuidrants. 

When the line begins to revolve from AB, it may be 
supposed to have made with AB an angle zero; when 
it reaches the position AG^j it will have described an 
angle BAG^ less than a right angle, which is said to 
be an angle in the first quadrant \ when it comes to 
coincide with AD^ it will have described the right angle 
BAB] when it reaches the position AC^^ it will have 
described the angle BAG^^ greater than one right angle 
and less than two, which is said to be an angle in the 
second quadrant ; and, when it comes to coincide with 
AB\ it will have described the trigoTwmetrical angle 
BAB' J or two right angles. 

In like manner, the angle BAG^^ greater than two 
aad less than three right angles, is an angle in tiie third 
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qaadrant\ the angle BAiy b an angle of three right 
angles; the angle BAC^^ greater than three and less 
than four right angles, is an angle in the four^ guadr 
rant] and, when the line becomes again coincident 
with AB^ it will have described a trigonometrical angle 
of four right angles. 

And it may still be supposed to go on revolving, 
and so come again to the position AC^ m the first 
quadrant, having described an angle greater than four 
and less than five right angles: and so on. 

So also, the above bemg all positive angles, the line 
may be supposed to revolve in the opposite direction, and 
form successively the negative angles BAG^^ BAC^j &c. 
It will be found, however, that aU the trigonometrical 
properties of the angle BAC^ will be the same, whether 
we suppose it to be the positive angle, greater than 
three right angles, or the negative angle, leser than one^ 
except such properties as may depend upon the actual 
magnitude of the angle, and not merely upon the position 
of the lines containing it. 

8. In Euc. I. Def. 10, we are told that right angles 
are formed, * whenever one straight line, falling upon 
another, makes the adjacent angles eqyi/aV This defines 
the magnitude of a right angle, which, being thus 
known, may now be taken as a measure of other 
angles : just as we take a known length, a foot^ for 
instance, aa a measure of other lengths, only observing 
that a foot is an arbitrary length, fixed by Act of 
Parliament, whereas the right angle is determined by 
its geometrical definition. 

9. Although it is usual, in treatises on trigonometry, 
to take AB as the starting, or initial^ line, when, as in 
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tills case, we represent in one figure angles of dififerent 
magnitudes, yet we might reckon our angles from anj 
other Une, or some angles £rom one line, and others 
from another. In all such cases, each angle would be 
in the first, second, &c. quadrant, reckoning the quad- 
rants from its own initicJrltnej and would be positive 
or negative, according to the direction we might choose 
to be the positive direction for angles measured ftom 
that same initial-line. Thus we shall sometimes find it 
convenient to measure angles frt)m AD^ and call them 
positive in the direction Z>-B; then DAG^ will be a 
positive angle in the first quadrant, and DAG^ will be 
a positive angle in the fourth quadrant, or a negative 
angle in the first 

10. The right angle is divided i^to 90 equal parts, 
called degrees^ each degree into 60 minutes^ each minute 
into 60 seconds^ angles less than a second being usually 
expressed as decimals of a second. The marks "" ' ** are 
used to express these divisions respectively. 

Thus 69^ 14' 67''. 85 denotes an angle containing 59 degrees, 
14 minuteSi and 57.85 seconds. 

Hence it follows that in one right angle there are 90*", 
in two right angles 180'', in three right angles 270**, 
and in four right angles 360'') &c. So also J of a right 
angle is SO**, ^ of a right angle is 45"*, | of a right angle 
is 60', &c. 

11. The complemefU of an angle is its defect from a 
right angle, or comp {A) = 90** — A. 

The sujjplement of an angle is its defect from two right 
angles, or 8upp(-4) = 180** — -4. 

Thus comp (23^ 23^ 27") = 66^ 36' 33^ comp (123° 13^ 27") 
«= - 33° 13' 27", supp(45°) « 135°, Bupp(- 45°) = 225°. 
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Hence in the figure of (7), if BAG^ = 75**, then its 
complement = 90° - 75° = 16° = DAC^] and if BA (7, 
= 130°, then its complement = 90° - 130° = - 40° = DA (7„ 
the angle being here formed upon the negative side of 
AD, since, in taking DA G, as a positive j^^Iq, we have 
made the direction from D towards jff, in which DA G^ 
increases, the positive direction for aU complements, 
measured from AD. So likewise the supplement of 
BAG^ is B'AG^, and that of BAG^ is B'AG^, which 
latter is measured on that side of JJB\ which, thoii^h 
positive for the angle BAG^ itself, is negative for Its 
supplement. 

To avoid the awkwardness of having the same direo 
tion positive for one set of angles and negative for others, 
it will be found hereafter generally more convenient to 
measure the complement and supplement, as well as the 
angle itself, from AB, all in the same direction. 

12. Since the three angles of any triangle are together 
equal to two right angles, it follows that 

(1) Each acute angle of a righlHingled triangle is the 
complement of the other ; 

(2) Each angle of any triangle is the supplement of 
the sum of the other two angles. 

We see also that if -4, jff, C, represent the three 

angles of any triangle ABG, then -4 + 5+ (7= 180°; 

and, besides this, we only require two other independent 

equations to be given between the three angles, in order 

to determine them completely. 

Ex. The angles of a triangle are in A. P., and the difference 
between the greatest and least is 20°: find them. 

Here (i)^ + J5+C= 180°, (ii) ^ - J5 = J5 - C, (iu)^-C-20°: 
from (ii) ^+ C=2B, and .-. from (i) 35 = 180°, or J5=60°j 
hence ^ + C= 120°, and (iii) A-C= 20°; 

.-. 2A « 140°, 2(7= 100°, or ^ « 70°, C^ 60°. 
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Ex. 1. 



1. Write the complements of 16° 37' 2", 142° 16' 29", V V 3^2. 

2. Write down the supplements of 146° 16' 20" and - 27° 17' 7". 

3. If one angle of a right-angled triangle is 9° d' 9", what will 
the other be P Express them both in degrees only. 

4. Given the difference of the two acute angles of a right- 
angled triangle to be 24° 24', find the two angles. 

6. The base angle of an isosceles triangle is 69° 69^ 69^^: find 
the vertical angle. 

6. The vertical angle of an isosceles triangle is a third as large 
again as either of the base angles : find the three angles. 

7. The semi-sum of two angles of a triangle is 60^, and their 
semi-difference is 10° : find the three angles. 

8. The exterior angle of a triangle is half as large again as ojie 
of the two interior and opposite angles, and its supplement is half 
as large again as the other : find the angles of the triangle. 

9. The angles of a right-angled triangle are in A. P.: find them. 

10. The supplement of one angle of a triangle is double of the 
complement of another, and triple that of the third: find all three. 



/" 



/ 

13. By Laplace, however, and some other French 
writers, the right angle was divided into 100 equal parts 
called grades^ each grade into 100 minutes^ each minute 
into 100 seconds^ which were denoted by the marks ' ^ ^^ : 
thus 69' 14' 57'\85. 

It will be understood that the Foreign minute and 
second, though called by the same name, are not of the 
same magnitude as the English. 

The advantage of this decimal method of dividing the 
right angle, (which was introduced in France, with other 
decimal divisions for money ^ vmgJit^ lenglJi^ &c. in the 
time of the French Revolution,) was that any angle, 
g^ven in grades, minutes, and seconds, could immediately 
be written down as a decimal of a grade. 

b5 
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Thus the aboye angle 59^ 14' 5TM may be written down at 
once as 59^.145785: for 1*«tJo^> w^d, therefore, 14*=iVo^=«14^; 
and 1** = Tohog* and, therefore, 57".85 = {^g = .005785^. 

And 80, conversely, an angle, given in grades and 
decimals of a grade, could be written down at once in 
grades, minutes, and seconds. 

Thus 43*^.012345 = 43*^ 1* 23".45. 

The use of the grade, however, is now abandoned 
even in France, as it involved the sacrifice of such 
voluminous tables and records, ah*ead7 adapted to the 
sexagesimal division, or else of such a vast amount of 
time and labour, in reducing them to the decimal system. 

It may be observed that the sexagesimal method 
allows of the whole angular space about a point being 
divided into a greater number of aliqtiot parts than the 
decimal, the divisors of 360 being 24 in number, and 
of 400 only 15. Thus we can express exactly in degrees 
3) 69 1} hy ^' ^^ ^ right angle, but not in grades. 

14. To convert the English measure of an angle into 

the Foreign, and vice versd. 

Questions of this kind are now merely matters of curiosity; but 
they may afford the Student some useful practice. 

Let Ej F, denote the number of degrees and of grades 
respectively in the same angle A ; and let 6,/, denote the 
angular magnitudes of a degree and grade respectively. 

Then we have Ee = angle A = Ffi but we have also 

E F E F 
90e = a right angle - 100/; .'. §5 = loo^ ^^ 9 = io ' 

hence {i) E^^F^ {l-^ ^)F= F^ ^, 

(ii)i^=:^^=(l+l)^ = ^+|. 
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From the above results we obtain the following Bxiles: 

(1) From the nmnber of grades in any angle subtract 
i))th, and the resolt will be the number of degrees in the 
same angle; 

(2) To the number of degrees in any angle add £th, 

and the result will be the number of grades in the same 

angle. 

It should be observed that E in the aboye is the nuniher of 
degrees in the giyen angle. If, therefore, it be originally given in 
degrees, minutes, and seconds, the minutes and seconds must be 
expressed as a decimal of a degree, before the Rule can be applied. 

Ex. 1. Convert 69^ 14' 67'\85 into English measure. 
Here b^ 14' 57".85 « b^.UblWi grades 
subtract j^o'^ = 5.9145785 

63.2312065 degrees » 53° 13' 52^^.34 
60 = 53*^ 13' 52". 

13.8723900 
60 

52.34340 

Ex. 2. Convert 59° 14' 57".85 into Foreign measure. 

Here 59° 14' 57".85 » 59.2494027 degrees^ as appears from below ; 
add Jth = 6.6832669 

66.8326696 grades » 66^ 83' 26'\69 
eO) 57.86000 o 66^ 83' 27". 

60J 14.964166 



.2494027 
It will be seen that in Ex. 2 we add one to the number of 
seconds, because the neglected part .69 is greater than ^ or .6 : 
whereas in Ex. 1 the neglected part .34 is less than .5, and we 
take no notice of it This is the usual practice in such cases, 
where accuracy is not required. 

15. It appears, from Euc. t. 32, Cor. 1, that ^ aU the 
interior angles of any rectilineal figure, together with 
four right angles, are equal to twice as many right 
angles as the figure has sides/ 
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Hence if n he the number of sides of any rectilineal 
figure, we have the sum of its n aiigles+4 x 90*'=2w x 90**, 
or the sum of its n angles = (2n - 4) 90* = (n - 2) 180". 

K the figure be also a regular figure, that is, equi- 
lateral and equiangular, then its n angles are all equal, 

71—2 

and, consequently, each of them = 180*. 

Thus, if n = 3, each angle of an equilateral triangle is i x 180° 
= 60°; if n = 4, each angle of a square is J x 180° = 90° ; &c. 

16. Since (Euc. 1. 15, Cor. 2) the sum of all the angles 

subtended at its centre, or at the centre of its circwmr- 

scribing circle^ by the n sides of a regular polygon, is 

fov/r right angles or 360**, the angle subtended by each 

side IS at the centre^ and at the circumferefnce, 

n ' n *^ 

Ex. The angle between the two lines, which join the extremities 
of a side of a regular octagon with any one of its angular points, is 
• 180° -J- 8 = 22i°. 

Ex. a. 

1. Write down the complements of - 16^, 2^.25, 32* V\ 

2. Write the supplements of V 2' 3", 89^.0004, 226^.1001. 

3. Convert 37^ 15' 7*' into English measure, find the comple- 
ment of the result, and reconvert it to grades. 

4. Express 1° and 1" in Foreign measure, and 1^ and 1' in 
English measure. 

5. Find the interior angles of a regular pentagon and hexagon. 

6. Shew that the interior angles of a regular octagon and 
dodecagon are as 9 : 10. 

7. If an isosceles triangle be inscribed in a circle on the side of 
a regular inscribed heptagon, find the ratio between its vertical 
and base angles. 

8. The angles of a pentagon are as the numbers 2, 3, 4, 5, 6 : 
find them. 

9. I^ the figure of Euc. it. 10, shew that AC \& the side of 
a regular decagon inscribed in the larger circle, and of a regular 
pentagon inscribed in the smaller. 
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10. There are tvo polygons^ such that the differenoe of the sums 
of their interior angles is four right angles, and the ratio of the 
same as 5 : 3 ; find the number of sides in each. 

11 . One regular figure has twice as many sides as another, and 
an angle of the first is a third as large again as an angle of the 
second : find the interior angle in each. 

12. The interior angles of a rectilineal figure are in A. p., the 
least is 120°, and the common difierence 5°: find the number 
of sides. x^ y 

'7/?- 

17. In eqtial circles (Euc. vi. 33) 'the angles at 
the centre are proportional to the arcs which subtend 
them.' 

Hence in the figure of (7) the arcs BC^^ BDj &c. of 
the same circle are proportional to the angles BAC^^ 
BAD J &c.: and, if the whole circumference be divided 
into 360 equal parts, then BD will contain 90 of these, 
BDB' 180, &c.; and, generally, any arc will contain 
just as many of these parts, as the corresponding angle 
contains degrees. 

These parts of the circumference are also called degrees^ 

and subdivided, as the angular degrees, into minutes and 

seconds^ the same marks *" ' " being used, as before, to 

denote them. And, since the number of degrees, minutes, 

and seconds in any arc will be the same as in the angle 

it subtends at the centre, (whatever be the radius, and, 

consequently, whatever may be the actual length of an 

arcual degree,) on this account the arc is often used as 

the representative, or, as it is called, the measure of the 

angle. 

N.B. There is some ambiguity in the use of this word measure. 
Properly speaking, we mean by it the fixed quantity or unit, by 
which we measure other quantities. Then we use it also to 
express the number of such units contained in the measured 
quantity. Thus we speak both of a yard measure, and of the 
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measure of a distance being so many yards. It b here used in 
a sense different from either of these, namely, of two proportianal 
quantities, one of which is commonly said to measure, or be a 
measure of, the other ; because two such quantities may always be 
expressed by the same number of units, if we choose the units 
properly. 

Thus, in the case before us, the number of (arcual) degrees in 
the arc will always be the same as the number of (angular) degrees 
in the angle. So, again, the price and toeight of an article are 
proportional quantities, and, accordingly, the price may always be 
expressed by the same number as the weight ; thus the price of 
20 lbs. at 6s each, is 100s or £5; but, by taking a croton as the 
unit of money, (instead of a shilling or a pound,) then both the 
weight and the price would be expressed by the same number, 20. 
Hence the price is measured by the weight. 

So also BC^^ &C.J measured in the opposite direction 
to 5Cj, will be negative arcs; and DC^ will be the ttwi- 
plement^ and B'G^ the supplement^ oi BG^, 

18. The complement and supplement, however, of 
any arc, or its subtending angle, may be measured 
from AB^ all in the same direction, by the following 
simple geometrical constructions. 

Let BG be an arc, subtending an angle BA G at the 
centre of a circle ; (to avoid confusion in the figure, the 
line AG \& omitted :) and draw the diameters BB\ DU^ 
at right angles to one another. 

(1). To find the complement of arc BG or angle BA G. 

If BG\ equal to J9(7, be measured off in the positive 
or negative direction from By according 
as 2) (7 is measured in the positive or ne- 
gative direction from 2), then arc BG' 
will be the complement of arc BG^ and 
angle BAG' of angle BAG. 

Take P the middle point of the quadrant jSZ>; then 
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PB = PD^ and BC = DCj and, therefore, in all cases, 
PC = P(7, that is, PC and PC are always measured by 
equal arcs in opposite directions from P. Hence draw 
the diameter PApj and from C draw the chord CC 
perpendicular to I^ ; BC will be the complemmb of BC. 

(2). To find the supplement 6i arc BC or angle BA C 
Jf BC\ equal to B'Cj be measured off in the positive 
or negative direction from 5, according 
as B'C is measured in the positive or ne*- 
gative direction from B'^ then arc BC 
will be the supplement of arc BC^ and 
angle BAC of angle BAC. 

And here DB = DB\ and BC = 5' (7, and, there- 
fore, in all cases, DC ^ DC^ that is, DC and i)(7' are 
always measured by equal arcs in opposite directions 
from D. Hence, from (7, draw the chord CC* per- 
pendicular to DU] BC will be the supplement oi BC. 

19* The circumferen/ces of different circles are proper-^ 
tional to their radii. 

For let Cj c, be the circimiferences of two circles, 

whose radii are i2, r ; and suppose 
-4jB, oi, to be sides of two regular 
polygons, each having n sides, in- 
scribed in the two circles. Then, 
(16), ABy aby subtend equal angles 
at the centres 0, o, and the triangles OABj oabj being 
also isosceles, are, consequently, equiangular and similar; 
hence (Euc. vi. 4) ABiah ::AO:aOj and, if P, p^ be the 
perimeters of the two polygons, we have also 

P:p:: n.AB: n.ab :: AG : ao :: B : r. 
Now let the number of sides be increased indefinitely, 
and their magnitudes be diminished ; then the areas of 
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the poly&:oiis tend more and more to equality with the 
two ciiiles, and their perimeters with tiie ^o drcum- 
ferences. Let P=(7— X,jp=c— a?, where the differences 
X, X may be made as small as we please by increasing 
the nmnber of sides ; then (7— X:c — aj::-B:r, or 
rC'-rX^Rc — Rx^ and, therefore, rC-^Rc^rX—Rx^ 
where each of rX, Rx^ and, therefore, their difference 
rX — Rx^ may be made as small as we please, and less 
than any conceivable magnitude, by increasing the 
number of sides. 

Now, if rC — -Be = any finite value a, then rX — Rx 
could not be made less than a, which is not the case : 
therefore, r (7 — -Be = 0, or r (7 = Rc^ and G\ci\R:r^ 
that is, the circumference of any circle oc its radius. 

20. In different circles^ the area at/htending equal angles 
are proportional to the radii. 

For, in different circles, the length of one degree, 
(being the gfo^^ part of the circumference,) will vary cus 
the circumference, and, therefore, (19) will vary as the 
radius ; hence the arcs, which in different circles subtend 
at their centres the same angle A^ (and which contain, 
consequently, each the same number of degrees,) will 
vary as the length of one degree, and, therefore, will 
vary as the radius. So that, for the same angle, the 
subtending arc oc radius of the circle. 

21. Smce the circumference of a circle oc radius, and, 
therefore, x diameter, it follows (Alg. 167) that, for 

11-1 .u .• circumference , ^^ . . 

all circles, the ratio — ^. has a certain fixed 

^ diameter 

numerical value. This value will be shewn (in Part li) 

to be (as far as five places of decimals) 3.14159 = 3f 

nearly, or, still more nearly, ^; so that the circum- 
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ference of any circle is rather more than three times its 
diameter. This nmnber, 3.14159^ is, consequently, a 
very important one to be remembered, as well as the 
fractions 3^, ff^, which approximate to its value. (The 
latter of these, it may be observed, is formed of the 
figures 113355 in order, beginning with the denomi- 
nator.) The number itself, 3.141 59 &c., it is usual to 
denote by ir ; but, for most common purposes, we may 
take for tt the approximate value 3} = ^. 

22. Hence, if C represent the circumference of any 

Q 

circle and r its radius, we shall have -- = tt, and, there- 

' 2r ' 

fore, G = 2irT = the length of 360** ; hence the length 

of 180**, or the semicircumference, is tit, that of the quad- 

rantal arc, 90**, is -r, that of the octant, 45°, is -r, &c. 

The radius, however, is often referred to as the unit of 
measurement^ and the arc in such cases is said to be 
expressed, or measured, to radius unity. 

The expressions for the lengths of 360**, 180°, 90°, &c., 
are then written 27r, tt, Jtt, &c.; in which cases it must 
be remembered that 27r really means 27r times the radius^ 
whatever that may be, and so of the rest. 

23. Generally, if the length of an arc of A" be 5r, (as 
that of 180° is tit,) then 0r iirrw A\ 180, or - = -—- , 

'^ ' TT 180' 

where 6j (being the number of times the arc contains the 

radiusj) will be the measure of the arc to radius unity. 

Hence, if -4 be given, then we know the measure of the 

A 
arc to radius unity, for = -— w ; and, conversely, if 

be given, then we know the number of degrees in the 
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arc, for -4 = - 180 = 5a>, if we denote by co the number 

iftO ^ 

— = 57.29577 &c. 

TT 

Cob. I. If 5 be taken = 1, or the arc [Or) be taken 

equal in length to the radius, then, by the formula just 

180 
found, we have A = — = 6> ; so that, in any circle, 

the length of an arc of to (= 57% 29577) is equal to the 
length of the radius. 

Cob. II. K the length (a) of an arc be ^ven (in^^, 
yards^ &c.), then may be found by expressing the arc 
as a fraction of the radius ; for a = 0r, and, therefore, 

r rod* 

Ex. 1. Express to radius 1 an arc of 27°. Am, 6^ iVo^= 8^^» 
which answer, in terms of the knaum number v, will be generally 
sufficient in such a case, without putting for w its numerical yalue. 

Ex. 2. Find the measure of an arc of 10 feet to a radius of 
4 feet An9, 6^^^ = 2^, by which is meant that the length of 
the arc is (not 2ifeetf but) 2^ times the radiut. 

Ex. 3. Find the length of an arc of 10° to a radius of 10 feet. 
Am. a^err:^ ^\%frr = iwfi = f x V^ = l.lift. 

Ex. 4. Find the radius, when an arc of 1° measures an inch. 

Here a « ^; .-. r = ^ = 1 r (jh^) = — =57.29577tV».=4.77/J. 

u w 

Ex. a. 

1. Find the length of a degree of the meridian upon a globe 
of 18 inches diameter. 

« 

2. Obtain the number of degrees in a circular arc, 30 feet long, 
whose radius is 25 feet; and measure it to radius unity. 

3. Find the measures of two arcs, of 40 feet and 40 degrees, 
in terms of a radius of 2| yards. 
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4. Find tHe thickness of a tree, which a man can exactly clasp 
round with three grasps of his arms, supposing him to stretch with 
his arms 6 feet each time. 

5. Taking the Earth's circumference at 25,000 miles, find its 
diameter. 

6. A mill-sail is 7 yards in length, and goes round uniformly 
ten times in a minute. At what rate per hour does its extremity 
move? 

7. The hour-hand of a watch is f inch long, the minute-hand 
f inch, and the second-hand ^^o iiich; compare the rates at which 
their extremities move. 

8. The Earth is distant from the Sun 96 milHons of miles, and 
describes her orbit round him (nearly) in 365 days ; at what rate 
per minute does she trayel P 

9. The Earth being supposed a sphere, with a radius of 4000 
miles, find the length of an arc of 1°, and the distance round the 
world on the Equator. 

10. At what rate per minute does a point on the Equator moye, 
by reason of the Earth's rotation on her axis P 



24. it will be noticed that in (23 Cor. ii), a represents 
the length of the arc in question, or the number oifeet^ 
&c. in it, while A represents the number of degrees in it, 
and the number of radii in it, or the number of times 
it contains the arc of <o^ whose length is equal to the 
radius. 

Hence also A will be the number of degrees in the 
angle subtending the arc, and to will be the number of 
degrees in the angU^ which, in any circle, subtends at 
the centre an arc equal to the radius, while will 
express the number of times the angle A" contains the 
angle al*. 

So then, for the angle as well as for the arc, we have 
the equations of (23), 

180 , ^ arc a 

IT 



A ti i»u , ^ arc a ^ 

A = 8«, o» = — , where d = — 3 « - , or a = rcf. 
' — ' rad r ' 
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25. It may be as well, however, to derive the above 
results directly for the angle, without referring to them 
as previously proved for the arc. 

Let there be any angle of -4**, subtended by an arc a, 
at the centre of a circle whose radius is r : then, since 
the semicircumference irr is the arc which subtends the 
angle 180", and (Euc. Vl. 33) * angles at the centre of 
a circle are proportional to the arcs which subtend 
them,' we have 

^ ^«rv A a . .a 180 ^ 

A\ 180::a:7rr, or — ^ = — , whence^ = - x — = ^ft>, 

' 180 tit' r IT 

CL arc 
if (as before) we put 6 for the fraction - or — j , and o> 

for Ihe number — = 57.29577. 

26. The angle a)"(=57'.29577=57°17'45" or 206265"), 
which is thus easily defined as the angle^ whtchj in any 
cirdej subtends an arc equal to the radius^ may now, like 
the right angle, be used as a unit to measure other 
angles, and will be found to be an angle of great im- 
portance, more especially in the higher parts of the sub- 
ject. It is conmionly called the unit of circular measure^ 

arc 
ment^ or the circular unit; and the fraction — -5 (or 0) 

is called the circular measure of the angle. 

It follows, then, that we may represent, either the arc 
or the angle by the circular measure of the angle, if we 
understand the unit qi"*, which, in the former case, is an 
arc of the circle of the same length as the radius, and) ^ 
in the latter case, is the angle subtending that arc. 

We shall find it convenient to call the arc or angle 

180** 

-— (= 57\29577), simply, a meoMtre; and it is usual to 
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denote the number of measures in an arc or angle, (or 
the circular measure of the angle,) by some Greek letter, 
as a, /8, 7, &c, d, ^, ^jr^ &c. 

Thus, if, for any angle, the length of the suhtending arc in any 
circle be three times that of the radius, then the angle (or arc) 
may be expressed by Oj where the value of is 3 ; meaning that 
the angle (or arc) contains 3 measures = 3 x d7°.29577 = 172°, nearly. 

Hence, since 180** of arc = ttt == ttg)**, we have 180** 
of angle = ttq)** ; and, consequently, the circular measure 
of 180" is ^, and those of 360", 90", 60", 45", 30", &c. 
are 27r, ^tt, Jtt, Jtt, Jtt, &c., the same, of course, as 
the measures (23) of the corresponding arcs in t^rms of 
the radius. 

27. As the number of degrees {A) in an arc, or 

180 
angled, is given by -4 = dxo) = dx — ^ = 8x57.29577, 

so the value of for any angle of -4" is given by 

= -4^a) = -4-r — = j^ TT, just as in (23). 

Since 200 grades = 180 degrees^ the number of grades 

in a 7neasu/re^ will be — ; and, if ^ be the number of 

TT /\ A 

grades in an arc or anffle 0. then A=^0 - — • = ^r^-r ir. 

o 7 ^ 1 200 

Ex. 1. Find the circular measure of 35°. Ans, 6 » ^^^v » f^v. 

Ex. 2. Express the angle foVo ui degrees, &c. 

Ans. A = ^if^" = 206".266 = ^ 26".3. 

Ex.4. 

1. Obtain the circular measures of 72°, its complement, and its 
supplement 

2. Express 6° d' 36'' in circular measure. 

3. The angles of a triangle are as 3, 4, 5; express them each in 
measures. 

4. Express, both in measiu*e8 and degrees, the angle subtended 
by an arc of w feet to a radius of v yards. 
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5. Find the number of degrees, minutes, and seconds in the 
angle .1. 

6. Express 2^ 18' 75'' in circular measure. 

7. Find the angle whose circular measure is f . 

8. Find the complement of ^9r°, and the circular measure of 
the supplement of 2n-°. 

9. Express V 3' 75'\ in measures and degrees. 

10. Find in degrees the angle whose circular measure is .7854. 



28. In different circleSy angles are directly proportional 
to the arcs which subtend them and inversely to the radii. 

This follows at once as a Corollary from (24) ; since, 
if 0y ffj be the circular measures of two angles A^ A\ 

subtended by arcs a, a', to radii r, r', then = - , d' = — , 

and -4 : -4' :: : d' :: - : -T, or angle a — 5 . 

r r^ ^ rad 

But it may be well to give the following direct Proof. 

Let BG^ B' C, be arcs subtending angles BA (7, B'A C, 
to radii AB^ AB'^ respectively, the circles 
being supposed concentric without affecting 
\p' the demonstration ; and let the larger radius 
V ^^' ^^* *^® inner circumference in c; then 
(Euc. VI. 33) 

lBAGx lBAc{qx lB'AG') :: arcjBC: arc-Bb 

arc BG sltcBc btcBG btcBG' , , . 
••radAB'S5JS-'5S[dZB'rad^£' ^^ ^^^* 

29. It is proved, in Euc. xil. 2, that ^ the areas of 
circles are as the squares of their diameters' or radii ; 
and the same may be thus demonstrated, as in (19). 

For, referring to the figure in (19), let AB^ ab^ be 
sides of regular polygons, each having n sides, inscribed 
in two circles, whose centres are 0, o, and radii i2, r ; 
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then the triangles OAB, oah, being smular, we have 
(Euc. VI. 19) area OAB : area oah :: A(7 : ao^] and if 
A^ ttj be the areas of the polygons, we have also 
A: a:: n. OAB : n.oab :: A<7 : ao* :: IP : 7^. 

But, when the number of sides is increased and their 
magnitude diminished indefinitely, the areas of these 
polygons approximate more and more to those of the 
circles; and hence, reasoning exactly as in (19), 

area of circle ABC : area of circle ahc :: IP : r^. 

30. It will now further appear that the area of a 
circle, whose radius is jB, is irlP. 

For let A'B\ in the same figure, be the side of a 
regular polygon, circumscribing the circle whose radius 
is Rj and subtending the same angle at the centre as 
AB. Draw the radius OD to the point where A'B' 
touches the circle, and, therefore, perpendicular to A'B'. 
Then, since the area of any triangle (Euc. i. 41) =: ^area 
of rectangle of the same base and height = ^base x height, 
we have area of A' OB' = ^A'B' xOD = \A'B' x R ; and, 
if P be the perimeter of the polygon, we have also 
area of polygon « J [AB' + &c.) 5 == \P.R. 

But, when the number of sides is increased inde- 
finitely, the polygon becomes a circle, and P = ^irR ; 
and, therefore, area of circle = J(2w-B) R = nrlP. 

Ex. The area of a circle, whose radius is 1 foot, will be sr, 
that is, V square feet, or 3^ sq.ft. 

The circumference will be 2ir, that is, 2r linear feet or ^ft. 

31. Since (Euc. vi. 33) * sectors of circles are pro- 
portional to the arcs on which they stand,' or to the 
angles which subtend them, it follows that the area 
of a sector whose arc, or angle, is 30°, 45*", 60*", &c., will 
be xjWT^, iwT^, JwT^, &c. respectively, (since the whole 
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circumference contains 360"*) ; and, generally, the area of 

A 
a sector, whose angle is -4", will be -— tiV, or, if the 

360 

Q 

circular measure of A be d, it will be — m^ = iOr*. 

Ex.5. 

» 

1. Compare the magnitudes of two angles, when the arcs, 
which subtend them, are inversely as the radii and directly as 
the numbers j- and f . 

2. The measure of an arc is 3f to radius 2f ; what would be 
the measure of an arc of the same length to radius 2\ P Express 
also in each case the angle at the centre in degrees. 

3. What length of cord will it take to tether an ass, so that he 
may graze over an acre of ground? 

4. The inscribed square is cut out of a circle whose diameter is 
a yard : find the area of the remainder. 

6. Compare the areas of two circles, when an arc of 60^ in the 
one is equal in length to an arc of 45° in the other. 

6. Find the area of a section of the tree in Ex. Sb 4 ; and the 
quantity of wood in a length of 30 feet, supposing it of uniform 
thickness. 

7. If a foot-square of card-board be divided into four equal 
squares, by lines bisecting the sides at right angles, how much of 
it will be left, when the four circles, that can be inscribed m these 
squares, are cut out ? 

8. The length of an arc of 45° in one circle being equal to 
that of 60° in another, find the circular measure of the angle, that 
would be subtended at the centre of the first by an arc equal to 
the radius of the second. 

9. If a be the arc which measures the complement of an angle 
to radius r, find the arc which measures the supplement of the 
same angle to radius K 

10. The diameter of one circle is equal in length to the semi- 
circumference of another ; how many degrees of the first are equal 
in length to the diameter of the second ? 
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CHAPTER II. 

ON THE TBiaONOMETRICAL RATIOS OP AN ANGLE. 

32. The following are the quantities, which have 
been already spoken of under the name of the Trigono- 
metrical Ratios, 

Let BAG be any angle {A)^ in the first 

quadrant; from any point P in AG^ one 

of the lines containing the angle, draw 

PN perpendicular upon the other AB. 

^ Then (using hyp. for the word hypothenuse) 

1) -Trii or ^ ^' , is the sine of Z-4, or sin-4 = --tp^i 
' AP^ *iyP' AP^ 

^.AN base . ., * c , a a ^^ 

2) --p= , or r — * IS the cosine of LA. or cos-a = -7^ ; 
' AP ' hyp. ' ' AP ' 

^.PN perp. . ^, , . n A J. A PN 

.. ^-ftT base . ^, ^ ^ r . /i i. >i -^^ 

4) -^rrz , or , IS the cotangent ot LA. or cot-4 = ^rr= ; 

^ PN^ perp.' ^ ' PJVT^ 

5).-2-Tv, orr^, is the «ecan^ of Z-4, or sec-4 = -j^; 

6) -y^vri or -i-i— , is^the cosecant oiLA. or cosec^ = -^^tt • 
'iW perp.' ' PN 

Also the quantity 1 — cos-4 is called the versed-sine ofA^ 
or vers-4=l— C08-4; and, of course, cos-4^d— vers-4. 

The Student must not pass on till he has made him- 
self thoroughly conversant with the above definitions, 
and able, without hesitation, to answer to such questions 
as ^ What is the secant of ^ ? the sine? the cotangent?' 
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Let him notice also distinctly that the values of these 
quantities are mere numbers^ being the ratios of certain 
lines to one another. 

Ex. If the length of FN be 3, (that is, of course, 3 units of 
length, whatever the unit may be,) and that of AN be 4, then 
AP = V(16 + 9) = 5 ; and, therefore, sin-4 = f , co8-4 = ft tan-4 e= J. 

33. It is plain that (1) and (6), (2) and (5), (3) and (4), 
are the invefrse^ or recipr(>cah^ of each other ; so that we 
shall have at once 

sin-4 = 1 , cos^ = 7 , tan^ = — 7-7 . 

cosecjl ' sec^ ' cot-4 

cot-4 = : 7 , sec-4 = 7 , cosecjl = 



tan-4 ' cos^ ' sin^ * 

and, consequently, whenever we have found the «tn«, 
cosiTie^ and tangent of an angle, we may consider that we 
have found all its Batios. 

34. It will be easily seen that the numerical values 
of the different Katios depend only upon the magnitade 
of j4, and not at all upon the position of the assumed 
point P. 

For if in j4(7, as above, we take, besides P, some 

other point P, and draw PN* 
perpendicular to AB^ then the 
triangles APN^ APN\ being 
J similar, will (Euc. vi. 4) * have 
the sides about their equal angles 

PN Ptr 

proportional.' Hence the ratios -jp, -jpi ^ will be 

equal, or sin^ will have the same value, according to 
our definition, wherever we take the point P in -4C, 
and similarly for the cosine, tangent, &c. 
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So, likewise, if we take a point P" in AB^ (instead of 

A Cj) and draw P'N" perpendicular on A (7, the triangles 

APNj AP'N"^ will also be similar, and, as before, the 

PN F'N" 
two expressions for sin -4, namely, -jpy Ap,, j will 

still be eqnal : and so of the other Katios. 

It appears then that for any one angle there is but 
one set of trigonometrical Batios ; so that, if the angle 
be given, the numerical values of the corresponding 
Ratios are determinate^ and, as will be shewn hereafter, 
can in all cases be found. Such values have been cal- 
culated for all angles from 0° to 45**, (by which, as will 
appear, those of all angles whatsoever can be immediately 
obtained,) and are registered in Tables for use. 

36, As PNj the side opposite^ is the perpendicular, 
and AN^ the side adjacent^ is the base, in forming the 
Ratios for the angle BAG or PAN^ so AN is the per- 
pendicular and PN the base, in forming the Ratios for 
the angle AiPN^ which (11) is the complement of PAN 
or A, Hence we have 

AN 
BmAPN= -jp = co&PANj or sin (90° — -4) = cos^, 

PN 
cosAPN= -Jp = BiaPANj or cos (90** — -4) = sin^. 

And so, generally, the stncy tangent^ and secant of the 
complement are the cosine^ cotangent^ and cosecant of 
the angle itself; and, conversely, the cosine^ cotangent^ 
and cosecant of the complement are the sine^ tangent^ and 
secant of the angle. We may express this by saying 
that any Ratio or Function of an angle is the cor- 
responding Cthrailo or Co-function of its complement. 

So likewise, 
covers^ = vers(90' ^ J) = 1 - cos(90' - -4) = 1 - sin^. 

c2 
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36. The Student should now accustom himself to 
express with ease any side of a right-angled triangle in 
terms of any other side, by means of a trigonometrical 
Katio ; and it will be found that each side may be ex- 
pressed, in terms of the other sides and angles, in four 
different ways. 

Thus if ^^Cbe a triangle, right-angled at C, we have 

BC 

sa sin^ or cosj?, and JBC=ASanA or AS cosBi 




e -j^ a tan^ or cot9, and SC^ACtaxiA or ACcotB» 

In like manner, 
AC ^^ AB cosA == AB mnS ^ BCcotA =-»Ctan-B; 
AB = ACsecA = -^Ccosec^ = j^Ccosec^ = BCaecB. 

37. By reference to the definitions in (32), the follow- 
ing results may be easily obtained : 

PN PN AN %mA 



tan-4 = 



cot-4 = 



AN^ AP • ^P^cos^' 
AN AN PN cos^ 



PN AP ' AP sinA ' 

... , . fPN\^ fAN\^ PN^ + AN^ ^ 
smM + cos^=(2^j^(^j 3P— =='5 

whence sinM = 1 — cos'^, cos'A = 1 — anM, 
or mnA = V(l — cos'^i), cos^ = V(l — wo? A) : 

secM = (^j AN^ l+(3^)=l+taii^; 

wh^ice McA = V(l + tan*-4), and taii^ = V(8ecM — 1) : 

cosecM - [-^J ^^ ^ + [pn) =!+«»* ^; 

whence oosea4=V(l+cot*j!l), and cot4=V(oo8e<?J[— 1). 
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38» We will here collect the preceding results, all of 
which must be carefully remembered, so as to be forth- 
coming, when required, without a moment's hesitation. 
For shortness' sake we give them in the following form, 
without mentioning the angle to which the Batios belong, 
since A in the proof stands for any angle whatever. 

fi) sm = , co8= — , tan = — -, cot = - — i 

cosec ' sec ' cot ' tan ' 

1 1 ...X , sin ^ cos 
sec = — , cosec = -;- . (u) tan = — , cot = -^— . 
cos' sm ^ ' cos' sm 

(iii) sin' + cos" =1, sin = V(l — cos*), cos = V(l - «ai^)* 

(iv) sec' = 1 + tan*, tan* = sec* — 1. 

(v) cosec* = 1 + cot*, cot* = cosec* — 1. 
And to these, of course, must be added 
. sin-4 = cos (90° — -4), cos-4 = sin (90°— -4), &c, 

39. By means of the above formulsB we may express 
any Batio of an angle in terms of any other Batio. 

Ex. Express all the trigonometrical Ratios in terms of the sine. 

Ans. O08 = v(l-8in'), tan = — -—jn — r-i^» cot=- — = — ^— ; , 

^^ " cos V(l-sm*) tan sm 

1 1 1 

sec = = —rrz r-rr t COSCC = -r- . 

COS V(l~*"^) 8^ 

40. The following will abo be found a very useful 
resuft to be remembered. 

If tan = T • then sm = -77—5 — tst % cos = ., , ^^^ . 

b ^ V(« + * ) V(a + i ) 

For sec=l+tan=l+T8=^iT-; /. cos= — = 



J. j« ' • • ^^ sec V(a'+6") ' 

it s 

_ CL . d 

ana sm = 1 - cos =1 — 3 — 7- = -= — 7. ; .•. sm = -t7--« — tsn • 

a*+J* a*+6*^ \/(a+&) 
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Ex. 1. Given tan a 2, find the Bine and secant. 

2 2 2 11 

Here tan = - ; .*. sin = ---; — rr = -r^, cos = --= , sec = — = Jb. 
1 V(4 + 1) V^ V^ cos ^ 

■D o o' ^ ^^*^ • tan ■■ 

Ex. 2. Since tan = -;- , .'. sin « -77= — - — =r , cos 




1 ' Va + tan»)' Va + tan«)' 

41. To find the aine^ cosine^ <&c. of 45°, 

Let ABC be a triangle, right-angled at C^ and having 

J equal sides, CAj GB^ and, therefore, also 

equal angles, GAB^ GBA. Hence, since 

these two angles make up together SO"*, each 

of them must be an angle of 45\ 

Now AB' = AG^ + BG* = 2AG' or 2BG'y that is, 
AB=:»J2.AG or = »J2.BG: 

.-. sin 45° = -T^ = —r- = cos 45**, and tan 45° = -t-t; = 1 ; 
AB v2 AC ' 

and .*. also cot 45° = 1, sec 45° := V2 == co8ec45°. 

If we express the angle 45° in circular measure, these 

results may be written 

. ttI tt^tt. ,7r ff t^ ^ 

8"^ T =-7;7=cos--,tanT =l=cot-riSec-7=v2==cosec--. 
4 V2 4 4 4 4 4 

N.B. Observe that, if j1 be greater than 45°, and, 
therefore, greater than JB, BG> AGy and sin-4 > cos^ ; 
whereas, if -4 be less than 45°, BG<AG^ and coa^ > sin^ . 

42. To find the sine^ cosine^ &c. of 30° and 60°. 

Let ABG be an equilateral triangle, and, therefore, 
also equiangular: then, since its three angles 
make up together 180°, each of them must be 
r~i'~li an angle of 60°, 

Draw GB perpendicular to ABj and, therefore, 
(Euc. I. 10) bisecting both the side AlB and the angle 
ACBj so that lAGD = 30°. 
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Then AC=AB^ 2 AD, and Ci)» = -4 (7*- -42?* = SAD" : 

AD 1 
/. sin 30** = -T-pv = - = cos 60°, 
AG 2 ' 

^^o CD *J3.AD V3 . ^^o 

2 
whence cot 30** = V3 = tan 60°, sec 30° = -^ = cosec 60°, 

cosec 30° = 2 = sec 60°. 
It will be found sufficient to mark well the values 

« 

of the sine and cosine of 30°, from which all the other 
Katios, both of 30° and 60°, may be at once obtained : 

thus tan 30° = s = —7- , &c. 

cos 30° V3' 

K we use the circular measure, the above results become 

8m-=-=cos-,cos^ = -=sm-,tan- = ;^=cot-,&c. 

Ex.6. 

1. Express the sine in terms of the secant and cotangent 

2. Express the cosine in terms of the cosecant and cotangent. 

3. Express the tangent in terms of the sine and cosecant 

4. Express the cotangent in terms of the cosine and secant 

5. Express the secant in terms of the cotangent, and the co- 
secant in terms of the secant. 

6. Express the sine in terms of the versed sine. 

7. Qiren tan « if find all the other Batios. 

8. GiY«n sin a f , find the cotangent and secant 

9. Qiyen tan = i, find the cosecant and cosine. 

10. Giyen sec « 4, find the sine and versed sine. 

11. Shew that (sin ^tt + cos Jw) (sin Jtt - cos Jw) = sin Jir. 

12. Shew that 

1 - tan" 30° ^^ , sin 46° - sin 30° , ^ «o ^ ^ icom 

^-^^-j^ = 00.600. «id ^.^^^,.^3^^„ = (Beo45°-tan4y)'. 
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43. We have hitherto been considering the Batios 
of angles in the first quadrant only, or less than 90**: 
but the definitions of (32) hold equally for all angles 
whatsoever, as seen in the figure annexed. 

Here BB\ DD\ are drawn, as usual, intersecting at 
right angles in ^ ; the position of the re- 
volving line is taken in the first, second, 
i b'jj l i^^^l Jr B &c. quadrant respectively, and PN is 

drawn perpendicular on BB\ Now in 
each case we have, as before, 

. . PN . AN ^ , PN ^ 

^ = -Jpi ^^^^ =" jjp > *an^ = -j^^ &c. 

Here, however, in accordance with (6), we shall con- 
sider PN to be positive in the first and second quadrants, 
where it is drawn upwards from BB\ and negative in 
the third and fourth quadrants, where it is drawn doionr- 
wards; and so, likewise, we shall take AN to be positive 
in the first and fourth quadrants, where it is drawn to 
the right of A^ and negative in the second and third 
quadrants, where it is drawn to the left. AP is in all 
cases to be positive, because it is always drawn from A, 
in the direction of the revolving line^ being measured off 
upon it. 

N.B. In other cases of algebraic geometry, cases occur 
where AP is negative, being measured, not on that 
part of the revolving line which is actually describing 
the angle, but upon the line produced backwards. The 
Student, however, will perceive that the word * direction' 
in (6) is not to be understood of a Jixed direction only, 
as in the case of AN^ or even of a direction parallel to 
a fixed linsy as in that of PiV, but of any determinate 
direction whatever, defined by the conditions under 
which the figure has to be drawn, as, in the case now 
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before us, alonff a revolving line. And this instauoe 
will further illustrate the meaning of the words in (6), 
* lines of the saf/ie kind^ &c.' : for -4P, we see, \b jpositivej 
though it may lie in the direction AB' or Aiy^ in which 
directions -4^ or PN respectively will be negative — ^the 
reason of course being that the Law, according to which 
AP is drawn, is not contradicted by its being drawn in 
the direction AlB' or AD\ 

44. Now, strlctlj?, it would be most correct to denote 
the value of any of these lines by some algebraical letter, 
supposed to express the number of units of length it 
contains. Thus, for instance, we might use jp, 6, r, for 
the jperjpendicular PJV, the base AN^ and the revolving 
line, or radius^ AP^ respectively; and then we should 
flay that, in the first quadrant, PN= +^, AN= + J ; in 
the second, PN= +jpy AN= — J ; in the third, PN= — ^, 
-4jV= — 6; in the fourth, PN^—p^ AN^-k-b'^ while, 
in each quadrant, AP= + r. 

But it is more usual, (as it is often more convenient,) 
to use the geometrical symbols PN^ &c. themselves in an 
algebraical way, namely, so as to express by them, not 
the lines themselves as they actually stand in the figure, 
but only iiieir positive values; so that PNj AN^ express 
merely the lengths of the corresponding lines, without 
regard to their position, and thus, if the lines are 
drawn positively, their values will be expressed by + PN^ 

+ ANj or, if negatively, by — PNj — AN. 

PN . 
Hence we shall no longer have sin-4 == -jp in every 

, - + PJ^ ^PN .. ^PN PN 

quadrant, but -^p- or "^P"' ^^APAP^ 

according to the position of PNi and so with the other 
Batios. 

o5 
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45. To trace the changes in sign of the different BcUtos 
in the four qtuxdrants. 

+ PN . 

(1) 8m-4 = .p in the first and second quadrants, 

-PN . 
= jp in the third and fourth ; 

hence the sine is positive in the Jirst and second quad- 
rants, but negative in the third and fourth. 
Similarly for the cosecant. 

+ AN 

(2) cos-4 = .p in the first and fourth quadrants^ 

-^ AN . 
= — TTT hi the second and third ; 
AF ' 

hence the cosine is positive in the first and fourth quad- 
rants, but negative in the second and third. 
Similarly for the secant. 

+ FN + FN 

(3) tan^ = — j^ in the first quadrant, = — -jl^ "^ 

— FN . . - FN . 

the second, = — ttTt iii the third, = — tut^ the fourth ; 

' —AN ' +AN ' 

hence the tangent is positive in the first and third quad- 
rants, in which FN and AN have both the same sign, 
but negative in the second and fourth. 
Similarly for the cotangent. 

These results will be best remembered by observing 
the sequences of signs in the four quadrants, namely, for 

the sine and cosecant^ + -f , for the cosine and secant^ 

H hj for the tangent and cotangent^ H 1 — . 

It must be observed, however, that all the results 
obtained in (37), with the angle in the first quadrant, 
where the Batios are all positive, will, by (6), hold 
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equally good for all angles whatever, and might be 
separately proved, though with more complexity, for 
each particular case. So, likewise, in all ftiture reason- 
ings, we shall be justified in drawing the simplest 
general figure we can, that is, with the lines and angles 
concerned all positive, if possible, and assuming the 
result thus obtained to be universally true. 

46. To trace the changes in magnitude of the different 
Ratios through the four quadrants. 

Whenever the revolving line AP coincides with BB\ 
(as it does at first, and again when it has described 180°,) 
then the perpendicular PN vanishes entirely, and the 
base AN becomes equal in magnitude to the hypothenuse 
AP\ and so, likewise, whenever AP coincides with DD\ 
then ^^ vanishes, and PN becomes equal in magnitude 
to AP. It is plain also that we need only follow the 
changes of magnitude of the difierent Batios through the 
first quadrant, since they go through exactly the same 
changes in the other three quadrants, alternately in- 
creasing and decreasing. 

Observe that we are not now considering the signs of 
the Batios, which will have to be separately determined 
for each quadrant as in (45) : in the first quadrant, how- 
ever, we know they are all positive. 

Now, in the first quadrant, or as ^ changes from 0° 

to 90", 

PN r 

sin-4 (= -j^) changes from - to -, that is, from to 1 
.^jl r r 

PN r 
tan^ (= -J^ r^ 0' ^*^°^ 
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AN r 

cot^ (= -=^) changes from ^ to -> that is, from oo to ; 

A, ^-P^ 



^t«J, Itoco; 

r T 

-to -, Goto 1. 

r^ 



47. Hence for all the four quadrants we may form 
the following scheme, to express the changes in sign 
and magnitude of the trigonometrical functions of an 
angle A^ as the angle changes from 0° to 360°. 



A 


m\A 


qokA 


ifLJxA 


cot^ 


sec^ 


cosec^ 


O^to 90° 


Otol 
(+) 


ItoO 
(+) 


otooo 
(+) 


00 toO 
(+) 


1 to 00 

(+) 


00 to 1 

(+) 


90P to 180° 


ItoO 
(+) 


Otol 
(-) 


00 to 
(-) 


Otooo 
(-) 


00 to 1 


1 to 00 


180° to 270° 


Otol 
(-) 


ItoO 
(-) 


Otooo 
(+) 


00 toO 
(+) 


1 to 00 

(-) 


00 to 1 

(-) 


270° to 360° 


ItoO 


Otol 
(+) 


00 to 
(-) 


Oto 00 
(-) 


00 to 1 
(+) 


1 to 00 

(-) 



The above Table must be well studied, and may be 
best remembered, by remarking carefully the results of 
the first line, on which all the rest depend. 

48. It will be observed, that the values of the sine 
and cosine range between and ± 1, so that these always 
lie between + 1 and — 1 ; and those of the secant and 
cosecant range between + 1 and + oo , and between — 1 
and - oo , so that these Tvever lie between + 1 and — 1 ; 
while those of the tangent and cotangent range between 
and ± GO , and, therefore, may be of any magnitude 
whatever, positive or negative. 
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Notice also that each of the ratios changes its sign, 
whenever its value passes through zero or infinity. 

In fact, the same Batio may be considered as having 
at the same moment the value + and — : thus 
cos 90° = + or — 0, according as we consider D to 
be the end of the first quadrant, in which the cosine 
is positive, or the beginning of the second, in which 
it is negative ; and the same may be said of the values 
-I- QO and — QO ; so that we have tan 90** = + oo or — oo . 
The real meaning, however, of such statements, is this : 
at the point i), where the angle becomes 90*, there is 
actually no such thing as a cosine or tangent at all, for 
no triangle AFN can be formed, and the definitions, 
therefore, cannot be applied. But, on either side of -D, 
however dose to itj there are values of the cosine and 
tangent, those of the cosine exceedingly small, and those 
of the tangent exceedingly great ; and these, however 
small in the one case, or however great in the other, 
will be positive or negative on different sides of D. 

49. Hence also the versed-sine (= 1 — cos) changes, 
in the four quadrants, from 1 — 1 to 1 — 0, from 1—0 
to 1 - (- 1), from 1 - (- 1) to 1 - 0, and from 1 - to 
1 — 1, or from to 1, from 1 to 2, from 2 to 1, and from 
1 to 0. The versed-sine, therefore, is always positive^ 
and its values increase gradually from to 2 in the first 
two quadrants, and then diminish from 2 to 0. 

The following is a Miacellaneoua Exercise upon all the 
foregoing portions of the Book. 

Ex. 7. 

1. Find the number of grades in the angle whose circular 
measure is }. 

2. Shew that the areas of two circles, in which the circumference 
of the one is equal to an arc of 60^ iji the other, are as 1 : 36. 
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3. The distances of Venus and the Earth from the Sun are 
as the numbers 7 and 10, and they reyolve in 224 and 365 days 
respectively : compare their rates of motion. 

4. Compare the angles subtended by an arc of 3| feet to a 
radius of 2^^ feet, and an arc of 2^ feet to a radius of 3^ feet ; 
and express the first in degrees and the second in grades. 

6* Shew that sin*Jw, sin"j7r, sin'jTr, sin'^^, are as 1, 2, 3, 4. 

6. Find tan^ from the equation sin'^ + 5 cos'^ = 3. 

7. Given . . — 7 = -^ , find the sme, cosme, and tan- 

Z sin^ + o cos^ o 

gent of A, 

8. Determine sinO and tan^ from the equation tan0 + 3 cotd= 4. 

9. If cosx = -7—^ and cos (90® - «) = -r-7: , shew that 

smC ^ ' smC 

sin«-4 + sin'P + sin^C = 2. 

10. If tan*-4 + 4 sm'-4 = 6, find the value of vers-4. 



11, If tan^ = -, find the value of 



a sinO + b cosO 



and 1 - 



sin«^ 



cos*^ 



a siuO - b cos^ ""** * 1 + cot^ 1 + tan^ * 

12. If sin^ s V2 BiaBf and tan^ s ^3 tan^, determine A 
and B, 



50. It was formorly customary to consider the tri- 
gonometrical ftmctions as belonging to the subtending 
arc rather than to the anghj and to represent them by 
certain lines as follows. 

Draw BB'j BIf intersecting at right angles in A ; 

and let BP be any arc of a circle, 
subtending at the centre A an angle 
of A^\ then, as in (11), the angle 
BAP^ or the arc -DP, is the comple- 
ment of -4**, and the angle B'AFj or 
the arc -B'P, is the supplement of A"". 
From P drop PN^ PN'^ perpendicu- 
lars on the diameters through B and 2>; and let Itie 
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lines touching the circle at B and D meet the diameter 
through P produced in the points T^ T. 

Then PN was called the sine^ BT the tangent^ and A T 
the secant of the arc BP or A '^ and PN\ DT^ AT^ 
which) according to these definitions, would be the sine, 
tangent, and secant of the arc DP or (90° — -4), were 
called the cosine^ cotangent^ and cosecant^ of A. 

For PN\ however, it is generallj more convenient 
to use its equal AN^ and for AT and AT\ their equals 
At^ At\ found by producing the touching line at P to 
cut the diameters through B and i> in ^, t'. 

So also BN was called the veraed-stne of A^ and I)N\ 
the versed sine of DP, was the caversedstne of A : and 
likewise B'Nj the versed sine of P'P, was called the 
suversed-sine of A. 

61. Now, to radius unity j it will be seen that the above 

definitions exactly coincide with those already given of 

the trigonometrical Functions. For then each line in the 

figure will have for its numerical value, not the number 

of feet &c. it contains, but the number of times (integral 

or fractional) it contains the radius^ that is, in other 

words, the ratio which it bears to the radius. Hence, 

to radius unity ^ the numerical values of the lines PN^ 

PN AN 
AN will be the same as those of the ratios -j^=l^ -r=, ; 
' AP^ AP^ 

and so the values of the lines BT^ A jT, will be the same 

as those of the ratios 35, 35, or -j^, j^, &c. 

Similarly, vers^l = PiVr= ^P- ^JV, 
and covers^ = BN = AD - AN =^AD^ PN^ 

which become, when the lines are referred to the radius, 
or the radius is taken for unity ^ 1 — 00% A and 1 -- sin^ 
respectively, as before. 
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And, m like maimer, we shall have 

8uvers-4 = B'N = B'A + AN = 1 + co9-4. 

52. Hence may be seen the origin of the names 
given to the different Fmictions. 

The name sine, from sinus, bosom, is the mere Latin 
translation of an Arabic word, PN being half the string, 
as it were, of the arcua, or bow, of which BP is half, 
and being the part brought up to the breast of the 
archer in discharging it. The names tangent [touching 
line) and secant [cuttirhg line) explain themselves &om 
the figure : and, of course, the cosine, cotangent, &c. 
were so called, as being the sine, tangent, &c. of the 
complement. The name versed-sine is not so easy to 
explain : but BN was formerly called from its position 
the sagitta, or arrow, of the bow. 

53. K, however, in any case, the radius be not taken 
as the unit of measurement, let r be its numerical value, 
expressed in terms of some other unit ; then, if we use 

Sin^ (with a capital letter) to denote the line PN and 

PN 

sin-4 to denote the rcdio -tt^, we shall have 

AP^ 

. J. QmA a- A 'A 

%mA = , or SmA — r smA : 

r ' 

and so with the other functions. 

Hence any result, which has been obtained for Sin^, 
Cosud, &c. to radius r, may be adapted to the radius 
unity, or converted into the corresponding result for the 
Batios, by writing rsin^, rcos-4, &c. for Sin^il, Cos A, 
&c.: and, conversely, any result, which has been ob- 
tained by means of the Batios, or by the lines to radius 
unity, may be converted into the corresponding result 
to the radius r, by writing 

Sin-4 Cos^ p r ' A A sf 
, , &c. for sm^, cos^, ac. 
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£x« 1. sin'^ + cos'^ => 1 becomes, to radius r, 



r* 



1, or Sin'^ + CosM = t*. 



Ex. 2. siiL4 = 7 becomes, to radius r, 

cosec^ 

SiiL4 1 o' .* * 

or SiiL^ = 



osecll ' Gosec^ * 



It will be seen that this has, In fact, amounted to 
multiplying each term of the expression to radius unity 
by such a power of r, as will render the whole result 
homog€fn£ou8 ; It being observed that the quantities Sin^, 
Cos^, &c., being lines and not ratiosj will be each, as 
well as r, of one dimension. 

Ex. 3. If, to radius unity ^ we have cosSu^ = 4 cos'^ - 3 cos^, 
then, to radius r, we shall have 

Co&SA . Cos'-4 o COS^ .^ ^ . J. ry ^ A o^n a 

= 4 — 5 8 , or r* Cos3^ = 4 Cos'-i - 3r* Cos^ ; 

r r r 

the same result as we shall get, if we merely multiply each term 
of the given result by such a power of r, as shall make its dimen- 
sions equal to those of its highest term, which is plainly cos'^. 

Ex. 4. If, to radius unity, 2 sin A = V(I + sin2^) + V(l - sin2u^), 
then, to radiusr, 2 SmA = ^/{r*-\-rSin2A)-\^^/(r*-rSm2A), where 
each term is made of one dimension. 

The Student should |?rovd the truth of this last adaptation. 

54. According to the ZiVie-definltlons then, It Is plain 
that, unless the radius be taken for unity, the trigono- 
metrical functions of any ^ven angle are not fixed in 
value, as they are with the rofsb-definltlons, but are 
always, like the arcs themselves, proportiorud to the 
radius employed. It becomes necessary, therefore, to 
mention the radius in any such case, or, at least, to 
refer to It as understood. It Is this Inconvenience which 
has led to the general disuse of these lines. 
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Most commonly, however, the radius is understood 
to be unity, and all the other lines are referred to it. 
Here then the numerical values of the lines PN^ &c., 
will be the same for the same angle, whatever be their 
actual length or the length of the radius, since they 
will merely express the ratios which the lines bear 
to the radius, the value of the radius, or its ratio to 
itself, bemg 1. And this method of exhibiting the 
trigonometrical Eatios will be found convenient at 
times, and may be used with advantage in the solution 
of some Problems. 

Ex. 1. In the fig. of pO), AF^^PN^^AN^, or l=8m«-4+cos«^. 

Ex. 2. AT* = AB" + BT*, or sec'^ = 1 + tan«-4. 

Ex. 3. Since tlf^tP^^Pif^ BT^t DT = XxaiA + notA, 
.-. (tan-4 + cot4)* = {tTf ^Afjf At* = secU + cosec'-4. 

55. tt may be as well to give here the definitions for- 
merly used for the different trigonometrical functions, 
referring to the figure in (50). 

Let there' be any arc £P, subtending an angle BAP 
to any radius : then if BD = 90**, DP is the complement 
of J?P, and it should be observed, as in (11), that 
whereas the arc BP begins at B^ and increases in the 
direction from B to i>, the complement jDP, on the 
contrary, begins at D^ and increases in the direction 
from D U> B. Now 

(1) The Sine {PN) of the arc or angle is the per- 
pendicular drawn from the end of the arc upon the 
diameter through the beginning of it ; 

(2) The Cosine [AN) is that part of the same diameter, 
intercepted between the centre and the Sine ; and the 
Versed'sine {BN) is that part of it, intercepted between 
the beginning of the arc and the Sine ; 



— i 
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(3) The Tangent [BT) is the line drawn touching the 
circle at the beginning of the arc, and terminated by 
the diameter through the end of it produced ; 

(4) The Cotangefrd {DT) is the line drawn touching 
the circle at the beginning of the complement, and ter- 
minated by the diameter through the end of it produced; 

(5) The Secant [AT or Ai) is the line drawn from 
the centre through either extremity of the arc, to meet 
the line winch touches the circle at the other extremity ; 

(6) The Cosecant [A T or At') is the line drawn from 
the centre through either extremity of the complement, 
to meet the line which touches the circle at the other 
extremity. 

66. Let a line of unlimited length, revolving about 5, 
from an initial position coincident with the touching line 
at jB, always pass through the extremity of the arc BPi 
then the portion of this line, intercepted between the 
two extremities of the arc, that is, the line BP^ is called 
the Chord of the arc BP, 

The above is a strictly correct definition of the Chord, 
of which the use will be seen in (58) : but, for all 
ordinary purposes, it will be sufficient to say that, 

If BP be joined, then BP is the Chord of the arc BP. 
It is easily shewn that Chord A = 2 Sm^A. 
c For let BC be any arc A^ and draw the 

radius ADE bisecting the Chord j&O (at right 
angles) in i>, and its arc in E\ then we have 
50=2CZ? = 2SinO^, 
or Chord A ^2 ^m\A. 

We may define the chord as a Ratio^ as follows: 
Take equal lengths AB^ AC^ m the lines containing 
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BG 



BG 



the angle BAG or A\ then the ratio -rF», or .^, 

AiJ^ AB^ 

is called the chord of A : and, as before, 

, , . BG 2GD ^ . .. 
chord -4 = -j-^ = -j-^ =± 2 sm^^. 

This Function, however, is not very frequentiy used. 

57. We shall now trace the changes in sign and 
magnitude of the trigonometrical Functions, according 
to these ZiVie^efinitions, and, it will be seen, with the 
same results as before. 




The above figures will serve to shew the positions, 
that will be taken by the different lines, drawn accord- 
ing to the definitions in (50), when the point P is in 
each of the four quadrants. As usual, the positions of 
the lines in the first quadrant are taken as the positive 
positions. The signs of the Sine and Goaine will be 
determined exactiy as before by the signs of the lines 
PN and AN. The Versed-sine BN^ Gaversed-sine DN\ 
and Suversed-sine B'N^ being always measured in the 
same directions from Bj i), and B\ will in each case be 
positive ; the positive direction for the Versed-sine being, 
however, tiie negative for the Suversed-sine. The Tan- 
gent BT is positive in the first and third quadrant, and 
negative in the second and fourth. With respect to the 
Secant AT^ it will be seen that, in the second and third 
quadrants, the ^diameter through the end of the arc^ 
(see Art. 55, Def. 3), in order to meet the line touching 
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the circle at the beginning of the arc/ must be produced 
backwards^ instead o{ forwards^ as in the first and fourth 
quadrants, the Secant being drawn in the direction from 
P towards Aj instead of from A towards P: hence the 
Secant is positive in the first and fourth quadrants, and 
negative in the second and third — a fact which we see 
yet more plainly by looking at the sign of At The 
Student will easily be able to follow the signs of the 
Cotangent and Cosecant^ observing the directions of the 
positive lines DT and AT or At'. 

68. With respect to the Chord, (found by joining PP,) 
we have seen (56) that strictly it is defined to be *that 
portion of a line of unlimited length, revolving about B 
from an initial position coincident with BT in fig. 1, 
which is intercepted between the beginning and end of 
the arc.* Now, when this line has revolved through 
180°, it will become coincident with BT in fig. 2, while 
the arc BP will have increased from 0° to 360°, and 
hitherto the Chord will have been measured oS upon the 
revolving line itself; but, after this, while the line still 
goes on revolving, and the arc BP increasing from 360° 
to 720°, the Chord will have to be taken off upon the 
line produced backmardsj until it has gone on revolving 
through another 180°, and becomes again coincident 
with BT. Hence the Chord will be positive, while BP^ 
or A^ increases from 0° to 360°, and negative, while A 
increases from 360° to 720°. 

This appears also from the formula Chords =b 2 Sin^^ ; 
for Sin^^ is positive, while ^A is in the first or second 
quadrant, that is, while ^A lies between 0° and 180°, 
or A between 0° and 360°; and negative, while ^A is 
in the third or fourtii quadrant, that is, while ^A lies 
between 180° and 360°, or A between 360° and 780°. 
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59. So also with respect to magnitude. 

For, referring to the figures in (57), it will be seen 
Uiat, as the arc BP increases from (f to 90**, the Sine PN 
increases from to AD^ or (to radius unity) frt>m to 1, 
the Cosine AN decreases from 1 to 0, the Tangent BT 
increases continuallj from 0, and the Secant A 7 from AB 
or 1, until, when the arc is near 90°, and AT becomes 
nearly coincident with ADj both BT and AT become 
exceedingly great, and infinitely great at last, when 
the arc is 90°, and AT actually coincides with AD', in 
which case ud 7 becomes parallel to BT^ and they never 
meet. On the other hand, when the arc begins at 0°, 
^T' is paraUel to DT, and the Cotangent and Cosecant 
begin by being infinitely great, and then diminish con- 
tinually as the arc increases, till, at 90°, the Cotangent 
DT vanishes, and the Cosecant AT becomes the radius 
AD or 1. 

Thus the changes of magnitude are the same exaxsUy 
in the first quadrant with the lines or with the Eatios ; 
and in the other quadrants the same changes are re- 
peated, the different frmctions alternately increasing and 
decreasing as before. 

So also the Versed-sine increases in the first two 
quadrants from to BB\ that is, from to 2, and 
decreases from 2 to in the other two quadrants : and, 
in like manner, we may reason for the Coversednsine 
and Suversed-sine. 

The Chord increases in the first quadrant from to 
BD^ that is, from to \/2, 

(since Biy = AB^ + Aiy^l^-l^ 2), 

in the second from V^ to 2, in the third decreases frt>m 
2 to V^) Ai^d in the fourth from V^ to ; after which, 
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while the angle still increases between 360° and 720°, 
the Chord (58) changes in sign, but goes through again 
the same changes in magnitude. 

Ex. 8. 

Prove by means of the formulsB in (37) the following formulae, 

and adapt them to radius r : 

- . . cos^ « . sec-4-1 co8ec-4-cot^ 

1. BmA = -77 ^-z — —, 2. vers-A « — - s= . 

V(cosecM - 1) sec -4 cosec-A 

3. 8in^.co8u^ = z -2 T-j • 4. cot"-4 co8"-4 - cot'-4 - cos'^. 

tan-4 + cot-4 

6. sec"-4 cosec'^ = 8ec*-4 + cosec"^. 

6. tan^ + cot-dt = VCsec"^ + cosec"-^). 

Prove by means of the line-definitions the following formulae, 

and adapt them to radius r : 

7. 8in-4 «= 7 . 8. tan -4 cot-4 = 1. 9. tan-4 = ^ . 

cosec^ cos^ 

10. chd»^ = 2vers-4. 




60. To express the Trigonometrical Eatios of 180°— -4, 
180° + -4, and — -4, in terms of A. 

Draw BB\ Diy^ cutting at right angles in A : make 

lBAP^^lB'AP=lB'AP^=lBAP=A : 
then we shall have the positive angles 

= 180° + A, BAP^ = 360° - J, and the 
negative angles BAP^ = - -4, BAP^ = - (180° - A)^ &c. 

Take AP^ = AP^ = AP^ = AP^ ; and draw P,P„ PJP^, 
cutting BB' at right angles in iV, N\ Then the tri- 
angles AP,N, AP,N\ AP^N'^ AP,N, are equal in all 
respectsjso that P^N^PJ^'-^P^N'^PJSf, and AN^AN'. 
Hence it is manifest tiiat any-iifonction of either of the 
above angles is equal in magnitude to the same function 
of Ay whether differing, or not, in sign : thus 
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Bin(180^-^) = ±^' = + 5^= + sln^, 

— PN PN 

The only difficulty then will be to know when the 
sign, which connects the two equal Batios in any case, 
is to be (+) or (— ). And for this we observe that, 
since aU the ratios of A are positive^ the «ign to be 
used in any case must be that which belongs to the 
equal Katio of 180^ - A^ 180" + ^, or - A. 

Hence, attending to the signs of the different Batios 
in the four quadrants, as laid down in (45), we have 

sin (180°-^) = + sin^, sin (180" + ^) = - sin.4, 

sin(— -4) = — sin^d; 

co8(180'' - J^) = - cos-4, 008(180** + -4) =« - cos^, 

cos(— -4) = + cosJ^; 
tan(180°-u4) = -tan^, tan(180'' + ^) = + tan^, 

tan(— -4) = — tan^: 

and the cotangent, secant, and cosecant, follow the law 
of the tangent, cosine, and sine, respectively. 

Hence also, as in (51), 
suvers^ = vers(180**-^) = 1-008(180**-^) = 1 -f cos^. 

61. Of course, it follows that tiie converse of these 
equations are true; 

thus rin-4 = — sin(— -4), oos^il = + 008(— -4). 

It is plain also, from the figure, as observed in (7), 
that the ratios of tiie ai^e BAP^ will be the sapie, 
whether we regard it as the positive angle {^%(f — A)^ 
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or the negative angle {--A) ; and, generally, that the 
Hatiod of any angle will not be at all affected, by 
supposing the angle Increased or diminished by any 
multiple of 860** (or 27r), since this only brings the 
revolving line to the same position exactly as before. 

It is useful to notice the pairs of quadrants in which 
the different Batios are the same, in sign as well as in 
magnitude, with the corresponding Batios of Aj namely, 
the sine and cosecant in the Jirat and second^ the cosine 
and secant In the jftrst and fourth^ the tangent and co- 
tangent in ihejftrst and third^ — ^Iq fact, the same pairs 
of quadrants as those in which (45) the respective Batios 
sre jHmttve. 

Of course we may write the above results, if we please, 
in circular measure : thus 

8in(7r— 5)=+sin5, sin(7r+5)«— sinfl, sin(— ^=— slnfl, &c. 

62. In like manner, if we now make 
/.BAP^ = lDAP^ = iD'AP^ = iD'AP^ - aBAP^ A, 

then we shall have the positive angles 
BAP^^^QT-A, 54P, = 90" + ^, 
M^B £^P,= 270'-^, JR4P^ = 270"+-4,&c., 






/ \ and the negative angles 

ft D'P# 5^P,=-(90 -^), J?^P,=-(90'*+-4), &c. 

Take, as before, AP, ^ AP^ = AP^ = AP^ ^ AP^ and 
draw PN^ P^^'P^i iV^'^.» perpendiculars on BB'. 
Then the triangles AP^N*j &c. are, each of them, equal 
In all respects to APN^ but so that 
P,ir = P^" = &c. = AZV, and AN' = AN" = PN. 

Hence any function of either of the angles BAP^^ &c. 
will be equal in magnitude to the corresponding co- 
^nction of A^ whether differing, or not, in sign : thus 
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Bin (90 -^) = -"2^ = + ZP " ■*■ ^^' 

—AN** PN 
008(90°+ -4) = .p = — --j=^= — sin-i, &c. 

So that, determming the signs as before, we have 
sin (90** - ^) = + cos-4, cos (90" -A) = + eln^, 

tan (90'' --4) = + cotil, as in (35) ; 
sin (90° -^A) = + cos^, cos (90° + ^) = - srn^, 
tan (90° -f -4) = — cot4 ; &c. 

63. We may now shew, as stated in (34), that any 
fdnction of any angle whatever may be expressed as 
a fanction of an angle less than 45°. 

First leave out of the angle any multiple it may 
contain of 360° (or 29r) ; for by (61:) the given function 
of the remaining angle will be the same as that of the 
ori^al angle. Then put this remainder in the form 
w.90° ± Aj which may always be done so as to have A 
less than 45°, by taking that multiple of 90° which is 
nearest to the angle in question, whether greater or less 
than it. And now, according as 9i is even or odd^ the 
given function of n.90° ± A may be written down at 
once as the corresponding function or cof unction of A^ 
with that sign which belongs to the given function of 
w.90° ± A. 

N.B. It will be observed that these propositions, 
Arts. (60 — 63), only refer to the six Trigonometrical 
Batios, defined in (32), not to the diord^ versed-sine^ &c. 

Ex. 1. sin 150° = sin (90°+ 60°) = + co860° * i : 
here, however, we should most naturally have used the formula 
8in-4 = sin (180° - A), or sin 160° = sui 30° « {, as before. 

Ex. 2. cot330° = cot(3.90° + 60°) = -tan60° = - V3; 

or B cot(4.90° " 30°) =- cot30° o ^ ^3, wh^e dO^<4^. 
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Ex. 3. sin 369° « sm9°, by merely leaving out 360° ; 

tan 600° = tan 140° = tan(180° - 40°) = - tan 40°; 
cot660° = cot300° = cot(3.90° + 30°) = - tan 30°; 
8ec820° = 8ecl00° = 8ec(90°+ 10°) = - co8ecl0°; 
co8ec900° = coseol80° » oo . 

Ex. •. 

1. Write down the values of the cosine and cosecant of 150°,, 
the sine and tangent of 135°, the tangent and secant of 120°. 

2. Write down the values of the sine, cosine, and tangent of 240°. 

3. Find the chord and versed sine of 120° and 300°. 

4. Find the co versed sine of 330°, and the suversed sine of 315°. 
6, Express sin 100°, cos200°, tan 300°, cot400°, 8ec500°, co8ec600°, 

as functions of angles less than 45°. 
Simplify the following expressions : 

6. 8in(9r+^), co8(29r-^), cos(- +^), sm(~ 4^), tan(?r4^), tan(— -0). 

7. sm(^±^), cos(^-^), cos(|!:±^), 8in(^-^), tan(6?±^). 

8. tan(^ - 180°) + cot(90° + ^4) +. tan (180° - ^) + cot (u4 - 270°) 
+ tan(180° + ^) + cot(270° - A). 

9. Express sin{(4n + 1) ^±6} and tan{(4n + 3) ^± 0) in terms of e. 

10. Shew that 

ver8l90° + -4) vers(^-90°) + covers (270°-^) covers (^-270°) = 1. 

IT IT StT 

11. Given sec {ir - &) co8(- + a) cos(7r - a) = tan(- - «) Bin(~ 4 ^), 
determine seed. 

12. Shew that the sum of the su versed-sine of the complement 
of A and the coversed-sine of the supplement of ^ is 2. 



64. To obtain general eocpresatons for all angles which 
have the same given function as A. 

(i) sini4=+8in(180**— ^), and cosec-4=+co8ec(180°— -4): 

hence by (61) all angles will have the same sine and 

cosecant as Aj which are included in either of the 

expressions %.360° + ^ or n.360° + (180** — -4), where 

71.360° represents a multiple of 360*, r^belng any integer 

positive or negative, including zero^ and A being either 

positive or negative. 

d2 
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Now these expressions may be written 

2w.l80^ + ^ and (2n+l) 180^-^, 
where, we observe, the sign is + or — , according as the 
multiple of 180"* is even or oddi hence thejr may be 
both included in the single formula, w.l80** + (— 1)*-4, 
since (— 1)* = + 1 or — 1, according as n is even or odd : 
hence sin/f = sin{n.l80**+(— l)*j!l}, 
cosecil =cosec{n.l80**+(-l)"u4}. 

(ii) coB^ = + cos(— -4), and secil = + sec(— ,4) : 
hence all angles will have the same cosine and secant 
as A^ which are included in either of the expressions 

w.360**-f ^ orw.360'-^, 
or, in one formula, 2n.l80** ± Aj the multiple of 180* 
being here always even: 
hence co&A = cos (w.360''+-4), secA = sec{n.360*4--4), 

(iii) tanu4=+tan(180V^), andcot4=:+cot(180^): 
hence all angles will have the same tangent and co« 
tangent as A^ which are included in either of the 
expressions nMO"" 4- .4 or 71.360** + (180' + A)^ which 
may be written 2n.l80' + ^ or (2n + 1) 180** + A^ or, 
in one formula, w.l80** + -4, where n may be even or 
odd, the sign being always + : 

hence tan^ = tan {n.lSQf*+A)j cot A = cot(n,180'*+ A). 

For the circular measure, the above results become 

sin^ = sin{«7r+ (— 1)"^}, cosec^ s=cosec {nir+ (— 1)"^}, 
cos = cos (2n7r ± ^) , sec ^ = sec (2n7r ± ^), 

tan^ = tan {nir + 0)j cot ^ = cot (titt + 0)» 

Ex. Since sin 30° = sin i^^i, therefore the general value of all 
angles, whose sine is i, will be nir + (- 1)" Jw = {6n + (- 1)"} ^ir; 
from which expression, by giving n the values 0, 1, 2, ftc. suc- 
cessively, we get the series of angles i^r, fsr, V^tt, &c. 
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65. It should be observed that ninOj when determined 
from COS0, has algebraically two values, equal in Mag- 
nitude, but of opposite signs, namely, sLn5=± V(l— cos'^): 
and this agrees with the principles of Trigonometry. 
For, when cos^ is given, itself is not given, but may 
be any of the angles expressed by the formula 2n7r ± a, 
using a for the least of those angles which ha^ the same 
given cosine. 

Now sin(2w7r±a) = ± sina, which agrees with the 
algebraical formula, when smO is expressed in terms of 
cosd. And so in other similar cases. 

£z. To shew that the sine, when determined trigonometrically 
from the tangent, will have two values, in accordance with the 

algebraical equation, sin^ = ± -jrr — - — 5^ . 

Here tanO is given us to find amO; and tand = tan(n7 + a) ; 
our result, therefore, will give us the value of sin(M3r-f a), and this 
will be ± sin a, according as n is even or odd. 

Thus, if tan^ » }, then (32 Ex.) sin^ = f , cos^ = ^ ; but these 
flhould properly be ±f, ±tt since the den', is '^{16 + 9) ^±6. 
For, although tan^^ <= f , we have nothing to tell us whether A is 
to be an angle in the Jirst or third quadrant, in either of which 
the tangent is positive, the sine and cosine being both positive 
in the one, and both negative in the other. 

So, if tan^ = - i» we shall have sin^ = ± f t co&i « + f* 

66. The preceding results may now be practically 

employed, in certain simple cases, to find the heights, &c, 

of objects, as in the foUowmg Example. 

Ex. A person, standing at a distance of 80 feet firom the foot 

of a tower JBC, observes the angle BAC^ which a line 

y\ from his eye to the summit of the tower makes with 

y^ I the horizontal line ^Q to be 60°. Find the height 

of the tower. 
Here, J? C=^Ctan^=80 tan60^=80 V3=80xl.7320&cs 138.66 
s 139 feet nearly, to which adding the height of the observer's eye 
at At aay 6 feet, we shall have the height of the tower 145 feet 



54 PLANE TBIGOKOMETRT. 

The angle BAC in the aboTe is called the 011^20 of elevation, 
or, siAply, the elevation of the tower. And, in like manner, if 
an object at A were viewed from a higher position at B, the angle 
which the line BA makes with the horizontal line through the eye 
at By or its equal, the angle BAC, is called the angle of depression 
of the object at A, Such angles would be commonly observed with 
an instrument, called a Sextant, held in the bbsenrer's hand. 

Ex. 10. 

1. Given tan^ = 1, write down the general value of ^. 

2. Find the general value of A, when tan 2^ => ± 1. 

3. Find the general value of A, when sec^ = - 2. 

4. Given cos2u^ = i, find the general value of A, 

5. Given tan 5^ = V3> find the general value of ^. 

6. A ladder, 30 feet long, inclined at an angle of OOP, rests against 
a wall ; find the height of its top from the ground, and the 
distance of its foot from the base of the wall. 

7. From the top of a ship's mast, 90 feet above the surface of 
the water, the angle of depression of the hull of another ship 
was found to be S(P : find the distance between the ships. 

8. At a certain distance from the foot of a tower, its elevation 
was observed to be 60°, and, 80 yards further off, it was found 
to be 30° : find its height, allowing 6 feet for the height of the 
observer. 

9. CD is the perpendicular from the right angle (7 of a triangle 
upon the hypothenuse AB, AC is 108 yards, BC is 144 yds, : 
find CD, BD, and DA. 

10. A May-pole being broken off by the wind, its top struck the 
ground at an angle of 45°, and at a distance of 21 feet from 
the foot of the pole : what was its whole height P 

11. The shadow of a church-tower extends 56 yards from its base; 
find its height, it being observed that a two-foot rule, held 
vertically, casts a shadow of 4 ft 3 in. 

12. A ladder, 45 feet long, being placed in a street, will exactly 
reach to a window 27 feet from the ground on one side : and 
upon being turned over without moving the foot, so as to lie 
at right angles to its former position, it will just reach a 
window on the other side of the street : determine the height 
of this latter window, and the breadth of the street 
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CHAPTER in. 

ON THE TRIGONOMETRICAL RATIOS OF THE SUM AND DIF- 
FERENCE, MULTIPLES AND SUBMULTIPLES, OF ANGLES. 

67. To find tke sine arid cosine of the sum and dif- 
ference of ttoo angles in terms of the angles themselves. 

Let BA C{A) and CAD (JB) be two given angles : then, 
according as we measure CAD forwards or hackvoards 
from -4(7, the angle BAD will be expressed by [A + J?) 
orhj[A'-B). 

(i) To find the sine and cosine of {A-\-B). 

M Take ajiy point P in AD^ and draw 

^jC^ PM^ PQj perpendiculars on AB^ AC^ 
r/^ QN, QBj perpendiculars on AB^ PM: 

J^jr JB then we have 



lQPB = 90' - iPQB = /.BQA = lQAN= A 
Hence 

sm(-4 + 5) = sm5^P=:2^=— 2^- = 2p+^ 

_QN AQ.PB PQ 
'' AQ'AP^ PQ'AP 

^ sin 4 . cosP + cosA . sinP; 

fA i>N jyAT, ^^ AN-QB AN QB 
cos{A^B)^co.BAP=^ _^ = ^«V^ 

_AN ^_QB PQ 
^AQ'AP PQ'AP 

» cosJL . cosjB ^ 9mA • siaS. 
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(li) To find the sine and cosine of {A^B). 

Drawing the figure as before, except 
Q^^^ that QB will in this case fall on PM pro- 
duced backwards, we have 
^ LQPB^^(f^LP<iB^LBQG^LBAC^A. 

Hence sinful - 5) = %mBAP == -rri = Tth — 
^ ' AP AP 

and cob(-4 — J?) = cosjBiilP = -j^ = . p 

68. We have given in (67) the complete geometriccd 
proof of the two cases : but the results of the first include 
those of the second by merely writing —5 for +J?; thus, 

sin (^—5) = sin{-4 + {—B) ] = sin-4.cos(— jB) + co8^.sin(— J5) 

=sitL4.co85 — cos^.sin^, 
cos(-4— 5) =cos{-4+ (— J?)} =co8-4.cos(— J?) — sin^.sin(— 5) 

=:coSl21.cos£+ sin^.sinJ?. 

And these results we might have anticipated from the 
figure itself, since in the latter case the angle CAB 
and the lines PBj QB^ are all negative^ being drawn 
in opposite directions, with respect to the line AG and 
the points P, Q, to those which in (i) we assumed 
to be positive. Hence, looking at the results for (i), 
we should expect to get for (ii), (as we actually do,) 

sm(-4-5) = -^-p — =&c, cos(-4-5) = — 'JW" ^^* 

In short, we have drawn the first figure in (67) for the 
most simple case ; but, by the principle laid down in (6), 
the results are applicable to all cases whatsoever. 
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69. We shall here, however, give the strict geome- 
trical proof in one other case, iq order to shew how 
it may be conducted in similar instances. 

Suppose then that A lies between 180° 
and 226*', and -4 -5 between 45° and 90°: 
to find the sine and cosine of A - B. 

The figure will be as annexed, where 
BAC=A, CAD^B, and PQ fells on 
reproduced backwards: hence we have 

wi{A-B)^%mBAD 

PM QN^PB QN AQ PR PQ 
^AP" AP "aq'AP^PQ'AP' 

cob[A-B)=cobBAD 

AM AN -OR AN AQ QR PQ 
^AP" AP " AQ' AP" PQ' AP* 

But ^» ^BAC = 8in(r -180°) = - 8in(180° -r) = - sin^, 

^=3C08 ^-4(7' = cos(r-180°) = + co8(180°-r) = - cos^ ; 

:^=: co8DuiC" = cos(180°- J) = - cos -B, -7^ = + sinJB; 
AP -^-* 

^=isinPQJB=cosJBGr=cosJB-4C"=:-co8-4, ^=.-8inui: 
PQ "^ 

hence ^{A-B) = (-sin^) (-cosJB) + (-cos^) (+sin J) 

= sin-4 cos B - cos-4 sin J9 ; 
oo8(-4 - JB) = (- cos^) (- cos J) - (- sin-4) (+8in5) 
s cos^ cosJ9 + sin^ sin^, 

70. So toowemayderiveco8(-4+j5)from8in(^+5); 
for co8(4+5) = 8in{90^-(^+5)} =sin{(90'-^) + (-5)} 

= 8in(90"-^) cos(--5)-|-co8(90'-^)8in(-5) 
= co8^.cosJ? — sin^.sin^: 

and, generally, in the same way, from any one of the 
four formnlBB the others may all be deduced. 

d5 
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71. To eaypresa tan (A ±B) in terms of A and B- 
(A »^ - Bm(^±^) _ sin^ cos^ ± coa^ sing 

1 T tan-4 tan^ * 
by merely diyiding each term by 008-4. coSjB. 

Ex. 1. sin 76° = Bm(46*»+ 30°) = 8m46° cosSOP + C0846*» tiii80P 

1 V3 1 1 V3 + 1 _i«o 
V2 2 V2 2 2V2 

so also ttnl6° = Bin(46°-30°) « ^|-^ = C0876°| 

whence tan 76° = ^^^^^ = ^o* ^^^ "^^ tanl6° = ^^^ - <!Ot76*>. 

_ tan46° + tan-4 1 ± tan-4 

Ex.2. t«n(4y±^) = ^ ^ ^^-o t^^ ° TTiiO' 

since tan46° a 1. 

Ex. 11. 

Prove the following results : 

1. cos(60°-^)=i(cos^+V38in^); 8in(46°+-4)=-rg(8in^+oo«u<). 

2. vers(^ + 30°) - vers (-4 - 30°) « sin-i. 

sin(45°4^)-C08(46°4^) . 

sin (46° + ^) + COS (46° + A)' 

tan(46°.^)-tan(46°-^) 
tan (46° + ^) + tan(46°-^) 

6. Shew that sin(fi-i-l)^ = 2 sinn^ cos^ - sin(n-l)^i 

and cos(n+l)i^ = 2 cosn^ cos^ - cos(n-l)^ ; 

and hence express sin 2^, cos 2^4, in terms of sin^, cos^. 

6. Express cot(^±B) in terms of cot ^ and cotB. 

7. Express sec(^ ±P) in terms of sec^ and sec^. 

8. Express cosec(^±^) in terms of cosec A and coseo B* 

9. Given the expression for sin(^-B), deduce that for co6(^-P)« 
10. Given the expression for cos(^f^)y deduce that for 8in(^-F^). 
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72. To express the ratios of 2A in terms of A. 

If in the formulaB for Bin (-4 + J?) and cos{A + B) 
we write A for JB^ we get immediately 

8in2^ =: sin^ cos^ + cod^ii sin^ = 2 sln^ cobAj 

oob2A = C08-4 008^ — Bin-4 8in-4 = co8*-4 — sin'^. 

For the latter formula^ however, it is often conve- 
nient to use one of its equivalents ; viz. 

cos2^ = cos'u4 — (1 -^ coB*^) = 2 cos'^ — 1, 
or « (1 — sin'-4) — sin'-4 = 1 — 2 sin'^. 

So also, writing ^ for J3 in the expression for 
tan(^ + B)j we get 

tsjiA + tan^ 2 tan^ 



tan2^ = 



1 — tan^ tan^ 1 — tanM * 



73. We may derive other results from the above, by 
giving different values to A. 

ThuSy writing iA for A, we get sin^ = 2 sin^^ cos^^, 
^oosA s coB'i^ - sin'^^ = 2 cos'^ul -1 = 1-2 ain'i^; &c 

„ 1 ± 8in-4 (cos* ^-4 + sin" J^ ) ± 2 sin J-4 cos^^ 

Hence ;,— = yth ^"m 

cos^ co8"*-4 - sin'J^ 

(cosM±sin4-4)* cosi-4±8in^^ l±tsn^A ^ /^.o.i^x 

cos'i-4 - 8in«^-4 cosf-^Tsin^-^ lqFtanJ-4 ^ * ' 

N.B. Observe well the step in the above, by which 1 ±8in^ 
is changed to (cos}^ ± aniAf, or (which is the same thing) to 
(fiinlA ± cosi-4)*. 

80| likewise, 

1 ± 8in2^ = (sinM + cosM) ± 2 sin-4 cos^ = (smA±coBAY. 

74. Notice also the following expressions for isnA, 

sinA 2sin^ cos^ sin2u!l 



tan^ = 



cos^ 2 cos'^ 1 + cos2^/ 
2 8in"-4 1 - C082-4 



or 



2 sin^ cos^ ~ sin2^ 



- ^ , . smA 1 - C08-4 

and so tan lA = ^ , or = — ; — ^^ — 

1 + cos^ sin^ 
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75. Hence also we may get sin 3^, cosS^, taaS.^, 
in terms of sln^, qobAj tsjiA^ respectively. 

(i) sin3J. = sin(2^ + ^) = sin2^ cos^ + cos2^ nn^ 
= (2 sin-4 cos^) co8-4 + (1 — 2 sin*^) 8in-4 
= 2 sinul (1 -sin'^) + (1 - 2 sInM) 8in^= 3 sinu4-4sinM. 

(ii) cos 3^ = cos (2-4 4- -4) = cos 2^1 cos-4 — sin 2^ sin^ 
=(2cos'^--l)co8-4— 2(1— cos"-4)cosu!l=4cos'-4— 3COS-4. 

(iii) tan3-4 = tan (2.4 +^) 

2 tan-4 . 

~^ _L tan-4 

_ taji^A + tajiA l-tan'ul 3 tan^-tanM 

"■ l-tan2^tan^ "" , 2 tan Jl , . "~ 1-3 tanM 

1 5-5 tan^ 

l-tan"-4 

Hence also, as before, by writing lA for Ay we get 
sin^ a 3 sin }^ - 4 sin'l^^, cos^ «= 4 cos'l^^ - 3 cos}^, &c. 

76. To eocpress sinA and cosA in terms of co92A, 
By (72) 2 sinM = 1 - cos2^, 2 co8'-4 = 1 + cos2^ ; 

.-. sin^ = V{i(l - COS2-4)}, or 2 sin^ = V(2 - 2 C082^), 
cos^ = V{i(l + cos2^)}, or 2 cos^ = V(2 + 2 cos2^). 

Hence 

^ , . sin'^ 1 — cos2^ , ^ ^ 1 — tanM 

tan -4 = — n-i = ; r-i , whence cos2ul = - — - — s-r : 

cos''^ 1 + cos2^ ' 1 + tan'^ ' 

which last result, however, may be obtained more 

directly as follows: 

^ J , . . - - cos'w4 - sin'^ 1 — tan*^ 

C0S2u!i = C0B^4 — Sm*^ = ^-r--, r-j-: = , 5-7 , 

cosM 4- smM 1 + tan"^ ' 
if we divide every term by cos'-4. 

Hence also, as before, 
2 sin'i^ = 1 - cos-41 , A _ 1 - cos^ _ 1 - tan^^^ 

2 oos'M = 1 + cos^J ' 2"l + co8^' ^ l + tan"i^* 

77. To express sin A and cos A in terms qfsm2A. 
In order to this, we might square the equation 

sin 2^ = 2 sin^ cosul = 2 sin^ V(l — sinM)^ 
and then we should get a biquadratic for determining 
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sin^ in terms of Bm2A : but the following is a more 
simple method of arriving at the same result. 

Since (sin^ ± cos^)* = sinM + co8*-4 ± 2 8in-4 cos^ 

= 1 ± sin2-4, 
.•.8in^+co8-4=±V(l+8in2u4),sin-4— coaii=±V{l— 8in2-4): 
whence^ adding and subtracting these equations, we get 
2 8in.4 = ± V(l + sin2u!l) + V(l - sin2A), 
2 cos^ = ± V(l + sin2^) T V(l - ^m^A). 
78. In the above residts it is seen that the signs of 
the square roots are not determined: nor can they be, 
until we know the value of A^ or of 2-4, in any case. 
We now proceed to fix them for different values of A. 

Draw, as usual, J?B', JDiy^ intersecting 
at right angles in A ; and draw also FP'y 
QQ, 80 as to bisect these angles, and, 
therefore, making angles of 46** with BB* 
or DU] these we shall call the octant-lines. 
Measuring, as before, all angles from AB^ it is plain 
that for any angle, whose bounding line lies any where 
in either of the spaces, PA Q', QAF^ that is, between 
BB and either of the octant-lines, AN will be greater 
than PN^ or the cosine will as to magnitude (without 
regard to sign) be greater than the sine; whereas for 
any angle, whose bounding line lies between Djy and 
either of the octant-lines, PN will be greater than AN^ 
or the sine will be greater than the cosine. 
Now sin^ + cos -4 is positive j 

(1) when sin is {+) and cos (+), 
that is, in the whole of the first quadrant ; 

or (2) when sin is (+) and cos (—), if sin > cos, 
that is, in ihe former half of the second quadrant ; 

or (3) when sin is (— ) and cos (+), if cos > sin, 
that is, in the latter half of the fourth quadrant: 
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collecting which results^ we ma7 saj that 

sin^ + co8^ =s + V(l + 8in2-4), 

when ^ is an angle in the first quadrant, or in either of 
the two adjacent half-quadrants. 

Similarlj, 8in-4 + co8-4 = — V(l + 8in2-4), 

when ud i8 an angle in the tkird quadrant, or in either 
of the two a^acent half-Hjuadrants. 

Again, sin^ — co8^ is positive^ 

(1) when sin Is (+) and cos (— ), 
that is, in the whole of the second quadrant \ 

or (2) when sin is (+) and cos (+), if sin > cos, 
that is, in the latter half of the first quadrant ; 

or (3) when sin is (— ) and cod (— )j if cos > sin, 
that is, in ^^form&r half of the third quadrant : 
collecting which results, we may say that 

sin-4 — cos^ = + V(l — sin2-4), 

when ud is an angle in the second quadrant, or in either 
of the two adjacent half-quadrants* 

Similarly, sin /I — cos-4 =*= — V(l ■*" 8in2-4), 

when j1 is an angle of the fourth quadrant, or in either 
of the two adjacent half-quadrants. 

It will be seen that each of these formulsB holds good 
for 180° together, between alternate octant-lines, and 
that any jmtr of them, (namely, one for sin^ + oob^, 
and one for sin^ — cosud,) holds good for 90"" together, 
between successive lines of octants : that is, for instance, 
all angles, whose bounding lines lie between AF and 
AQ will have the same pair of formuliB, namely-, 

Binil+cos^=+V(l+Bin2^), sinil— co8^«=H^V(l— sui2^)« 
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When, therefore^ any value of A is given, and we 
are required to find for it the corresponding pair ol 
formulas, we must consider in what quadrant the given 
angle is, and select the proper signs accordingly. 

Ex. If ^ = 30°, then sin^ + cos^ = + V(l + sin2^) 

Bin-4 - cosA = - V(l - an2A); 

:. 9mA =» HV(1 ■+ 8in2^) - V(l - sin 2^)}, 
cos^ = J{V(l + sin2^) + V(l-Bin2^)}. 

We may proYe the truth of this result by trial : for sin 2^ = iV^; 

and .-. 8ul4=«-{V(1 + -y) - VU" y)} = g (V— 5-^ - V— 4-^J 
1 V3 jj V3-1 ^ 1 

- . iy3 + l V3-l> V3 .^ , ,,. 

and coB-4 = - {-J^-5 — + -^^—5 — } = V ' ^^^ should be. 

79. The reason why in (77) the expressions for 
2 mi A and 2 cos^l appear with so many undetermined 
ngns is this, that, as in (65), we cannot help including 
in the steps, by which we arrive at the result, a great 
number of angles, which agree in certain of their tri- 
gonometrical properties, those, namely, expressed in the 
formulae with which we start, but not in aZZ, nor, in fact, 
in those for which we are seeking expressions. Thus 
there is a multitude of angles, for which the equation 
(sinul + cos-4)'* = 1 + sin 2.4 is true; but these angles 
may differ in their expressions for sinL4 + cos-4, which 
in some of them may = + V(l + sin2^), and in others 
may == — V(l + sin2-4). 

Ex. la. 

Prove the following formulfe : 
1. ooft^ a cos* \A - sin*|^. 2. cot4 - tan^ s 2 cot2^. 

3. \xa\A = r 7 . 4. cosec2^ = —r -r- . 

1-1- sec^ 2 cot^ 

6. lec^ a 1 •)■ tan^ tan \A* 6. cosec^ « \{ijbXi\A -i- oot}^). 
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^^ n » J — ^iTT = cotP Jui. 8, ° ^ . X r 7 = tan Jjl. 

2siiL^-8m2^ l+cos2^ l + coSyd 

l+siiL^ 1/1 . *^ 1 ^M <A C08ec2-4 1 + tan'-4 

l + cosJt '^ ■ ' l + co8ec2-4 (l + tan-^jT 

11. coiA-'Cot2A^co8ec2A. 12. tan}^+8eci^«tan(45''+}^). 

80. The formula of (67) may be combined in ▼aiions 
ways, so as to produce other formul», which are of 
great use in trigonometrical operations. 

Thus we have given 

sin (-4 + jB) = sinL4 cosJ? + cos^i sin^, 
sin(-4 — jB) = sinL4 oosjB— cos^ sin^, 
cos(ul + B) = co&A coslB — sinL4 sulS, 
cos(-4 — jB) = cosJ. coSlB + sinL^ sin^. 

Hence sin(-4 + J?) 4- sin(J. — -B) = 2sin-4 coaB ...(1), 
8in(^ + J?) - sin(^-5) = 2cosu4 sinjB...(2), 
cob{A-\-B) + cos(^-5) = 2COS-4 cosjB...(3), 
cob{A-B) - cos(^+J?) = 2sin^ sin5...(4). 

Again, sin(-4 + 5) x sln(^ — jB) 
= sin'-4 cos*-B — cos*-4 sin*-B 
= 8in*^ (l-sin»J5) -(l-sinM)sin'jB=sin'^-8in'J5; 

or = (1— cos'-4) cos'jB— cos*-4(l— cos'5) = cos*jB— cosM i 

cos {A'\-B)x cos{A - B) 
= cos'J. cos'jB — sin'-4 sin'jB 
= cosM (l-^8in»5) - (l-cos*^) 8in*5= cos'^ - sin'P; 

or s= (1— sin'-4) cos*-B — sin*-4 (1— cos*5) ^ cos'jB— sinM. 

The preceding re8ult8 are yery useful, and may be easily 
remembered by observing that each product is expressed by the 
difference of the squares of two functions of A and B, thoae 
functions being taken, the Jirst out of the ftrat term of the 
expressions for the factors multiplied, and the 9econd out of the 
secfmd term. Thus 8in(^ f ^) sin {A-^B)^ an* A - mn^B, where 
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BmA is taken out of sin^ cosj9, Haejlrst term of the expressions 
for sin(^iJ9)y and sinB out of cos^ sinJ?, the second term: 
but this product also = cos'J? - cos'^, where cosJ9 is taken out 
of the first term, and cos^ Out of the second. 

Of course A and B in the above may stand for any angles 
vrhateyer, as in the following Examples. 

Ex. 1. sin(2^ + dJ?) 4- nn(2A-SS) » 2sin2^ cobZB. 
Ex. 2. 2 sin(^ + 3) cob(A - B) 

= sin{(^ + JB) + {u4 - B)} + sin{(^ + J5) - (^ - B)} 

« 8in2^ -f sin2J9. 
Ex. 3. eos(-4-i?)co8(JB-(7) = J{co8(^-J+J-C) + eos(u<-JB-5+C)} 

= J{cos{-4 - C) + cos(-4 - 2 J + C)}. 
Ex. 4. 6os(^ + 80°) cos(30°-^) 

= cos(-4 + 30°) cos(^ - 30°) = cos*^ - sin«30° 

= cos'ui - i = i(l -f cos2^) - i = i(l +20082^). 

Ek. 1^4 

Prove the following formulae : 

1. Bin(30° + ^) + 8in(30°-^) = co8^. 

2. cos(30°-i^) - co8(30°+ J^) = sini^. 

3. 8iA(45°+-4) sin(46°-^) = J co82^. 

4. 008(60°+^) cos(60°-^) = J(2cos2-4-l). 

6. l + cos2(^ + ^)cos2(^-^) = cos*2^-l-cos'2J9. 

6. 28inJ(-4 + -B) 8ini(^-5) = cos(^-2J) - cos(2^-.J5)* 

7. 4 sin^ 8in(60° + A) 8in(60° - ^) = sin 3A. 

8. 8in(^ + B) Bin(A - 5) + sin(JB + C) sin(i - C) 
+ 8in(C4-4)8in(C-^) = 0. 

9. co6(^ + 2£) co8(^ - 2B) + 8in(2J9 + (7) sin(2^ - 0) 

a C08(^ + C) cos(A - C). 

10. 8in(^-5)8inC+sin(J-C)8liL4 + 8in(C-^)8ini = 0. 

11. sin^ co8(^ + ^) - cos^ sin(^ - ^) » cos 2^ sin^. 

12. ver8(^ + B) yen(A - JB) = (co8-4 - cosJB)'. 

81. All the preceding fommlaB, In which functions of 
A^B and A — B are expressed in terms of A and Bj 
may now be used to lead to others, in which functions of 
A and B are expressed in terms of ^{A+B) and ^{A^B)^ 
that is, of the semi-sum and semi-difference of A and B. 
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For, in (80), write i(-4+5) for ^, and ^{A-B) for B: 

then, since ^{A + J5) + i(-4 - 5) = -4, 

and ^{A + B) - i(^-5) = B, 

we get 8ul4 + sulB = 2 sin^ (^ + B) cos J(^ — B) . . .(1), 
sin^ " smB= 2 cos^(\4 + B) smi{A - B) ...(2), 
cos^ + cosS = 2 cos J(u4 + B) co&^{A -B) ... (3), 
cosJJ - cos^ = 2 sml{A + B) 8mi(u4 - B) . . .(4). 

So also «mA smB = 8m'i(u4 + -B) — sin*^(-4 — B)^ 
or = coA*l{A-B) - cos»i(^ + JB) ; 

coa4 cosjB = cos'i(^ + 5) — Bin'i(^ — -B), 
or = cos'ii^ - -5) - sln4(^ + -B). 

Hence also we get 
s in^-fauLB ^ 2 8m^(ul+J3) cog^(^-.fi) ^ tuii{A+B) 
8UL4-8inJ5 "" 2 co8i{u!l+5) sini{A^B) "" taiii(^-jB) * 
with other similar results* 

82. From the above it will be evident that any 
formula whatever ^ obtained for functions o{ A + B and 

^ — J3 in terms of A and By may be converted at once 
into a corresponding formula for functions of A and B in 
terms of ^{A+B) and ^(-4- B)j by merely writing in it 
A for ^ + jB, and B for -4 - JB, 
i(^ + 5) for Aj and i(^-jB) for B. 

Thus sin(-4 + 5) = siiL4 cobjB + cos^ sinB; 
/. sin^ = sin^ {A+B) cob^{A-B)-\<^b^{A+B) mx^iA-B) . 

83. Since sinJ. sinB = J {cos (-4 - 5) — cos (j4 + -B)}, 

or =sm''4(^ + 5)-sin*i(^-J?), 

and coB-4 cos5 = ^{cos(^ + 5) + co8(-4 — JB)}, 
or =cos"i(^+5)-8in*i{^-^), 

we see that we may always resolve a product of two 
sines or two cosines, in two different ways, namely, 
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either by means of a sum or difference, or by means 
of the difference of two squares ; and the same is also 
true of the product of a sine and cosine, since 

sin^ cosB = i{sm(-4 + J5) + sin(-4 - 5)}, 

and also 

= 8in^ sin(90-5)=:sin'i(u4+90'*-J5)-sin'i(^-90°+J5) 

= 8in''{45° + i(^ - £)} - sin' - {45^ - ^{A + B)} 
= gin"{45° + {{A - B)] - sin'{45^ - i(^ + B)]. 

Ex. 14. 

Express (i) by means of a sum or difference, (ii) by means of 
the difference of two squares, the following products : 

1. sin 5^ sin^ ; sin 3^ sin 2^; sin^ sin}^. 

2. 0083^ cosj^; cos 2^ cos^; coaiA cos^^. 

3. sin 2^ cos 3^; sin}^ cosf^; cosj^ sin^. 

4. 8in(^ + JB) sin C; cos(^ - S) cos C; sin(^ + 3) co8(A - 3), 

Prove the following formula : 
6. cos^ + cos(^ + 2B) =: 2 cos^ Cos(^ + 6). 
6. 008*}^ (1 + sec }^ + tan lA) (1 - sec M + tan iA) « sin^. 

cos^ -cos 2^ 



7. tanl^ tan^^ s 



8. tBn'2u< - tan'^ B 

9. tan2^>tan^ 



cos^ + cos 2^ 
sin 3^ sia^ 



cos* 2^ cos'^ * 

2sin^ 
co&^ + cos ^A * 



^^ Bmf^ + sinf-4 ^ . ,, sin^+8m3^ ^ „, 

cos fA + cos %A cos-4 + cos 3-4 

,_ 8in-4 +sin3-4 +sin6-4 ^ «. 
12. 5 — -J :-T = tan3-4. 

008^ + C083^ + C080-<i 



84. Conversely, the sum or difference of any two 
sines or cosines, or of a sine and cosine, or the differ- 
ence of their squares, may be transformed at once into 
a product. 
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Ex, 1. sinM+JB)^ 8111(5 +C) = 2amHA-^2B'{C) ewl(A-C). 

Ex. 2. cos^ - cos(^ -f 25) » 2 smi(2^ + 2J3) sin J (25) 

a 2 8in(^ + J3) 8m5. 

Ex. 3. sm(A - 5) + cos{A + 5) = Bin{A ^ 5) + 8m(90°-^ - 5) 
= 28mK90O-25)co8i(90«'-2^) = 28in(46*»-5) co8(4d°--4). 

Ex. 4. 8in"(^ - 5) - co8«5 = - {co8"5 - Bm\A - B)] 

= - co8(5+-4 -5) co8(5--4 + 5) = - cosJt co8(25- -4). 

These last transformations are in fact more practi- 
cally useful than the former^ as they enable us to adapt 
the given quantity in each instance to logarithmic camr 
putation^ for which^ as will be seen in the chapter on 
logarithms, it is necessary to express it in factors. On 
this account, and because it is very desirable that the 
Student s&oidd be able readily to perform these opera^ 
tions, which are required frequently in Problems, we 
shall make them the subject of another Exercise. 

Ex. 13. . 

Expre8s in fectors the following quantities t 

1. sin 6^ + sinS^; cos^ - cos|^^» 

2. sin^ + 8in(^ - 25) cos^ - 8in(-4 - 5)» 

3. 8in(^ + 5) - 8in5; 2 b\h\A + 2 sin^^. 

4. vers 2^ - vers-^ ; co8(^ - 5) + cos(5 -C7). 
6. 8in"-4 - Bin"(^ - 25) j co8"-4 - cos"i-4. 

6. co8(2^ f 5) - co8(^ - 25); sin^i + sin 2^. 

7. ver8(-4+C)- ver8(5+C); co8"5- co8"(^-25). 

8. 4sin'iwl - 4 sin' i(^- 5); sin^ + cosX 

9. 8in»(^ 4 5) - co8«(^ + 5) 5 cos»(^ - 5) - sin"(^ + 5). 
10. 8in(^ + 5) + cos(-4 - 5) ; sin J-4 - cos^^. 

85. We may now go on to expand sin(-4 + 5+C) 
and cos(^ + J5+ (7), by making use of the formulae for 

sin(.4 + J5) and cos (^ + 5). 

Thus sin [A + J5+ 0) = sin^ cos ( J5+ G) + cos^ sm (5+ C) 
= sin^ (cosjB cos (7— sinfi sin (7) 
4- cos-4 (sinJ? CO8C+ cos5 sin (7). 
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Henoe, if Aj By Cy are the three angles of a triangle, then 
8in(J +5+ G) = sinlSO' = 0; 

.'. sin^ cosJ? cosC + sinJ? cosA cobC + sin (7 coa^ cos^B 

= sin^ sin8 sin (7; 
or, dividing every term by cos^ cos5 cos (7, 

tan-4 4- tanB 4- tan (7 = tan-4 tanB tan (7. 

Like results may be fomid by expanding cos{A-\-B-\-C)j 
and observing that cos(^ + B+C) = — 1, when Ay By (7, 
are the angles of a triangle. So too, if ^ + jB+ (7= 90°, 
or AyByCyh^ the ^emi^angles of a triangle, other results 
may be obtained from the above expansions by observing 
that8in(-44-£+0) = l, cos(-4 + £+C) = 0. 

In like manner, if Ay By (7, be the angles of a triangle, 
80 that A-vB^-O^ 180', or ^-4 + ^5+^^= 90", then 
we have cos^ + cos jB + cos G 

=;2cosJ(4 + ^) cosJ(^-if) + cos(7 
= 2 sini a cosi(^ - jB) + (1 - 2 sm'^C) 
= 1+2 sin^a {cosi(^ - jB) - sinJC} 
= 1 + 2 siniO {cos4(^ - J5) - cosi(-4 + jB)} 
= 1 + 2 si»iO {2 sini^ siniJ?} 
=? 1 + 4 sin^J. sin^jS sinJCl 

Agam, tan(^ + JB+(7) ^. taaB + tang 

tan^ + tan(Jg+C) ^^^ '^ \^ tmB tang 
l-tauul tan(jB+0) tan^ (tanB + tang) 

1 — tanBtan(7 
tan^l + tanB + tan (7 — tan^ tanB tanC 
1 — tan-4 tanB — tan4 tan(7 — tanBtanC 

Hence, if ^ + J5 + = 180°, or tan(^ + jB+C) = 0, 
we have the numerator = 0, or (as before) 

tan^l + tanB + tan (7 = tan^ tanJS tan (7: 
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and if -4 + 5 + = 90", or taii(^ + 5+ 0) = oo , we 
have the denominator = 0, or 

tan-4 tan5 + tan-4 tan (7 + tanB tan (7 = 1. 

Ex. le. 

Prove the following formulsB, where -4 + 5 + C= 180°: 

1. Bm(A + J?) 8in(J?+C) = einA sinC 

2. cot4 coU? + cot4 0010+ cot J? cotC« 1. 

3. 8in(-4 + J5+C)+8in(-4 + J5-C) + sm(-4+C-J5)+8in(J5+C-^) 
= 4 sin A sin J? sinC 

4. sin^ + sin J? + sinC » 4 cos ^A cos JB cos J C 

6. cos* A + C0S"J? + C08*C+ 2 C08-4 cos J? C08C= 1. 

6. 8in*i^ + am*iB + 8in*iC+ 28ini^ mniB siniC^ h 

Prove the following formulse, where A-\-B-\^C= OOP ; 

7. cot4 + cotB + cotC= cot-4 cotB cotC. 

8. tan^ + tBLuB + tanC7= tan^ tan^ tanC-f- secA secB secC 

9. 8in2^ + 8in2J9 + 8in2C?= 4 cos^ cos^ cosC 

10. co8(-4 + 2B) + cos(-B + 2 C) + cos( (7+ 2A) 
= ^sml(A-B) BinHB-C) 8in4(C-^). 

For all values of A, B, C, shew that 

11. cos(^+5+C) + co8(J?+C--4) + cos(-4+C--B) + co8(-4+J5-e) 
» 4 008^ cos^ cosC 

12. sin(^ + J?)8in(^+C) 

«5 8in-4 sinC + smJ? 8in(-4 + J?+C). 

86. To shew that tan"*wi ± tan"*n = tan'* ^-- . 

1 T mn 

By the expression tan'^^n is meant the angle whose 
tangent is m; thus if tanJ^ = m^ then A^tsaT^m. (The 
ori^ of this notation is easily seen ; for, if we could 
for a moment conceive the symbol tan separated from 

the angle A^ we might write the above equation A = - — 
or by tiie Theory of Indices A = tan"\w.) 

Let tan^=w, tan5=n; then -^stan'^m, -B=stan"*n; 

but tan(^±jB) = —ZTT — j-r — 5 = t^== — ; 
^ ^ 1 + tan^ tanS 1 ? win ' 

.*. tan"*7?t ± tan***n = -4 ± 5 = tan""* z — ^ — • 

1 T mn 
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Ex. 1. 2 tan'^m = tan"* , . t 3 tan"*m = 2 tan"*m + tan~*»i 

1 - fir 

2m 

2m T^m""^^ 3m >m' 

» tan** -z 1 + tan"*m = tan"* ^ ■ = tan"* -; — r— = . 

1 - m' 2m' 1 - 3m' 

Ex. 2. tan"> J + tan"* J = tan"» —^ = tan"* | = tan"* 1 : 

hence, if tana = i, tan^ = i, we have a + )3 = tan**l = Jtt, 

or, in degrees, A ■¥ B ^ 45°. 

87. We may here observe that the expression sinM, 
which we have used all along for (sin^)^, should be 
more correctly employed to denote sin(sin-4), that is, the 
sine of an angle whose value (in circular measure,) is the 
number^ sulA. Thus, if sin^ = f, then sinM'= sin(sin-4) 
ss gin§, that is, = sin(^a>) = sin34''.4 ; and, if sin34''.4 be 
found from the Tables, =f nearly, then 8in"-4=sin(sin*-4) 
=Bin|=sin32°.7, &c. In like manner, sin'^m is the angle 
whose sine is sin"*w : thus if m= J, then sin"^w= J7r=.523 ; 
and sin'^m would be the angle whose sine is .523. But 
Instances of this kind so rarely occur, that no mistakes 
are likely to arise from using generally the more con- 
venient notation sin*-4, sin'-4, &c. for (sin-4)', (sin^)', &c. 

88. By means of the formulae for sln^, cos^, and 
tan^, In terms of sin 2^ and cos 2^, we may obtain 
the numerical values of the frmctions of those angles, 
which are the halves of 30*", 45°, 60°, &c, and so again, 
of the halves of these angles. 

Ex. 1. ojLd c= iV(2 - 2 C0S2A) by (76) ; 

/. 8in22°30' = i V(2 - 2 cos46°) =» J V(2 - V2). 

Ex. 2. 2 coB^ = V(l + sin 2^) - V(l - 8in2^), if ^ < 45*^ ; 
/. 2co8lP15' = V(l -^ 8in22°30') - V(l -sin 22^30') 

= V{i + W(2 - V2)} - VU - i V(2 - V2)}. 
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Ex. 3. UnA = v! " ^^^o^ by (76); 

- J_ 

V2 

Ex. 17. 

Prove the following results : 

1. 2tan-«i^«taii->lJ. 2. 2tan-"J = cot»l}. 

3. tan-»f + 2tan-»i = iir. 4. cot"*} + cof'f = Jw. 

5. sin- Vi = tttn-yt- 6. sin"* J + tan'* f = tan"* 32. 

7. sin-»-7T + cot-*3 = }T. 8. tan-*i + tan-»i+tan-*f + tan-*J«iflr. 

Obtain the values of the following trigonometrical functions : 

9, cos 22° 30'. 10. cos67°30'. 11. tan 37° S^, 12. sin 7*^30^. 

13. Tersl5°. 14, coslP15', 16. sin6e°16'. 16, chdl3ff'. 
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CHAPTER IV. 

ON THE CALCULATION OF THE NUMERICAL VALUES OF 
THE TRIGONOMETRICAL RATIOS. 

We shall now proceed to shew how the values of the 
Trigonometrical Batios are found for all angles from 
0° to 45**, at intervals of 10" : but, in order to this, we 
must first prove the following propositions. 

89. The pefrimeter of any convex curvilinear figure^ 
contained within a rectilineal figure^ is less than that of 
the containing figure. 
Let AEB be a convex curvilinear figure; and let 

ACDB be any exterior rectilineal 
figure, formed by lines touching the 
^ curve at -4, j&, B. At any inter- 
mediate point between A and E^ let 
the tangent FHO be drawn. Then (Euc. I. 20) CF 
and CO are together greater than FO^ and, therefore, 
the perimeter AFODB will be less than the perimeter 
ACDB. And, by drawing other tangents at inter- 
mediate points, the perimeter of the figure so formed 
will be continually diminished, and will, therefore, be 
least when the number of tangents is increased and 
their length diminished without limit, in which case the 
circumscribing figure coincides ultimately with the curve. 
Hence the perimeter of the curve AEB is less than that 
of any drcmnscribing rectilineal figure. 

C!OB. In like manner it may be shewn that the 
perimeter of the curve AEB is greater than that of any 
inacnbed rectilineal figure, and, therefore, h fortiori^ 
greater than the line AB, 

£ 
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90. The circular measure of any angle between 0^ and 
dO" is greater than its sine and less than its tangent. 

Let BAPy BAPy be equal angles, whose circular 

jp. measure is 0\ with any radius AB 

describe the circular arc PBP] draw 

^ PNP perpendicular to AB^ and PT^ 

PTy perpendicular to -4P, AP. 

Then arc PBP > Une PZVF, or PB > PN^ 

and, therefore, -^-p > -jp, that is, 6 > sin^ ; 

also (89) 2LrcPBP < line PTP, or PB < PT, 

PB PT 
and, therefore, -^p < "jpj ^^^ i^, 6 < tan^. 

91, As is diminished^ each of the ratios -^ , — 3— , 

tends m/ore and more to unity ^ and has unity for its 
limiting value. 

For lies between sind and tand, and, therefore, 

*'°^' ^' ^^ ' ^^ (dividing each by sin^,) 1, -^-^ , — ^ , 
are placed in order of magnitude, that is, 

lies between 1 and 



sind cosd ' 

But, as d is diminished, the value of cosd tends con- 
tinually to 1, and ultimately, when 5 = 0, becomes 1 ; 

hence -;— g (and therefore also —3-) ultimately becomes 1; 

and hence also — ^ (= — ^ x — 3) ultimately, when 

5 = 0, becomes !• 

The Student will understand, from the remarks in (48), that 
the real meaning of such expressions as these is that, as the 
angle is diminished, its circular measure becomes more and mors 
nearly equal to its sine or its tangent, and, by diminishing the 
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angle, the difference between and sin^, or tan^, may be made 
aa small as we please, without its ever becoming actually zero, 
because it is impossible that the angle should actually vanish^ 
and its cosine become 1. 

Cor. Hence also cos^ = (1 - sin"^)* = 1 - Jsin'^ + &c = 1 - J^, 
nearly, when is very small. 

92. If he the circular measure of an angle between 
or and 90°, then em0 > ^ Iff". 

Bind = 2 sin^d cos^d; but tanjd > \0^ or — j^ > - , 

or 2 ^m\0 > cos^d ; /. sin<9 > cos"^^? >0{1- sin'^lJ), 
and, a fortiori hj (91),> 5(l-i(?'); that Is, sin <9> 5~|(9'. 
N.B. It will be seen (in Part li) that, when is 
small, sind = d — J^, nearly, 

93. The properties just proved may be at once ap- 
plied to obtain some interesting results, as in the 
following Examples. 

Ex. 1. A church-tower, seen along a horizontal plain, at a 
distance of 2 miles, subtends an angle of 1^5' 6'': to find ap- 
proximately its height. 

In the figure of (90), let A be the observer's place, FN the 
tower, LTAN^e $ then P2i= AN t&ne : but lFAN=l°&&'= l°.08o ; 

^ 1^085 1085 22 341 



180° 180000 7 18000 

hence FN{=> ANt&n0) = AN x nearly = yf JJo x 2 m. = 200 ft. 

Ex. 2. The Earth's radius (4000 miles) is found, by Astro- 
nomical calculations, to subtend at the centre of the Sun an angle 
of 8^67116 : determine the Sun's distance firom the Earth. 

In the same figure, let A represent the centre of the Sun, and 
FN the Earth's radius : then, as before,. FN = AN x nearly, 

a 4000 X 24065.0040 = 96,260,016 miles. 
In fact the Earth's radius may be regarded as a small circular arc 
FN, subtending at the Sun the angle FAN^ to which arc we may 

apply the formula, a^r0* 

e2 
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Hence, if the Sun's distance from the Earth, or the ndias of 
the Earth's orbit about the Sun, be taken to be 96 miUionB of 
miles, it will be 24,000 times the Earth's radius. 

Ex. 3. Given the Sun's apparent diameter to be 31}': deter- 
mine his actual diameter in miles, and compare his bulk with 
that of the Earth. 

By the Sun's apparent diameter is meant the angle, or arc 
(to radius 1), which his actual diameter subtends to an observer 
upon the Earth, or, rather, to one supposed to be placed at the 
Earth's centre. Hence if, in the figure of (90), A be taken to 
represent the Earth's centre, and PNP the Sun's diameter, then 
LPAF is his apparent diameter; and PNP" « arc PBP nearly 

oil' ^lA. 09 11 

= ^Px^-=^Px2iJLxw«^Px— P^x^ = 96,000,000x 



180° — 180x60 7 ' ' 1200 

= 880,000 miles, or the Sun's diam' = 110 times the Earth's diam'. 

Hence, since the volumes of similar solids are as the cubes 

of homologous lines, we have volume of Sun : volume of Earth 

:: (diam')» of Sun : (diam')" of Earth :: (110)» : 1 :: 1,331,000 : 1; 
so that the Sun is more than a million times as large as the Eardi. 

Ex. 4. The top of a mountain can be just seen at sea at a 
distance of d miles : determine its height (A) above the level of 
the sea. 

In the figure of (90), let PBP' represent a portion of the 
Earth's surface, J^T the mountain, whose top T can just be seen 
at the point P, where the line TP touches the circle: then 
BT= A, P-B = £f = r^, if r be the Earth's radius AP, and 6 the 

circular measure of lPAB\ hence ^ - — , and (91 Cor.) 

r 
.-. - = }^nearly-^, or A = — . 

Cob. 1. Henc^ we have d* « 2rA, and d* cc A. 

Cob. 2. If d = 1, and r = 4000 miles, we have h = ,-^ob nule 
s:8 inches nearly, so that, over the surface of still water, an 
object, 8 inches high, would be hid, by the curvature of the earth, 
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from an eye on the leyel 6f the water at the distance of a mile. 
This is expressed by saying that the dip or depression of the 
horiJEon is 8 inches for a mile of distance; hence, since the dip 
increases as the square of the distance, therefore, hfihiid'id*, 
so that a hill, 600 feet or 7200 inches high, would be hid at the 

distance d^= d Vt = V~zr~ - ^^ miles. 

Hence also, since at the distance of 2 miles, the dip would be 
4 X 8 s 32 inches, the height of the tower as found in Ex. 1 
above, should be increased by 2 feet 8 inches, to get its true 
height. 

Conversely, from the formula d* ^ 2rA, may be found the 
diitance, when the height of the object is given; or the radius 
of the Earth may be found, if we know by other means the 
values of d and h in any case. 

Ex. 18. 

1. Two towers, seen along a horizontal plane, at distances of 
2} and 3} miles respectively, subtend angles of 1^26' 33" and 
V 36' 10" ; compare their heights, neglecting the dip of the horizon. 

2. The Earth's radius (4000 miles) subtends at the Moon an 
angle d7'l".8: shew that the Moon's distance from the Earth is 
about 60 times the Earth's radius, or 240,000 miles. 

3. The Moon's apparent diameter being 31' 15", determine 
its actual diameter, assuming the result of the last question : and 
shew that the Earth appears to the Moon about 16 times as large 
as the Moon appears to us. 

4. The diameter of the Earth's orbit subtends at the nearest 
fixed star an angle of about V: shew that the star's distance 
from the Earth must be nearly 20 billions of miles. 

6. Shew that the dip of the horizon for three miles of survey 
is nearly a fathom. 

6. At what distance may the Peak of Teneriflfe, which is 
2| miles above the level of the sea, be just seen from the deck 
of a ship P 

7. The summit of Dhawalagiri, the highest point of the Hima- 
layas, is 28,000 feet above the level of the sea: at what distance 
would it first appear in the horizon ? 
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8. If a mountain, 6600 feet high, can be seen at ihe distance 
of 100 miles, what must be the Earth's radiuai^ 

9. Two points, each 10 feet aboTe the surface of still water, 
are first visible from each other at a distance of 8 miles: find 
the Earth's diameter. 

10. The hull of a ship is 40 feet aboye the water, and the 
masts reach 80 feet above this: at wJiat distance will the hull 
be hidden from the sight of a person standing on the sea-shore ? 
and at what distance will the whole vessel be lost to view P 



94. To find the numerical value of smlO". 

Let the circular measure of 10" be a : then, since the 
circular measure of 180*' is tt, tihie yalue of which num- 
ber is, more accurately, 3.141592653590, we have 

a 10 1_ 

TT ■" 180 X 60 X 60 ■" 64800 ' 

TT 3.141592653590 ^.^ . . . ^^ . ._ 

or a »= = = .00004,848 1 3,6o. 

64800 64800 .vvw*,o o o,uo. 

Now sma < a > a — Ja', a fortiori^ > a — i(.00005)' 

> a - .00000,00000,00032, 

where the quantity to be subtracted from a does not at 
all affect the first twelve places of decimals. 

Hence to twelve places the value of sin a (or sin 10") 
coincides with that of a, so that 

sblO" = circ. meas. of 10" « --^ =.00004,84813,68. 

d4o00 

Cor. I. Hence, a fortipriy 

g^^ =.00000,48481,86. 

Cor. II. Having determined sinlO'', we obtain coslO" 
by the formula coslO" = V(l - sm*10") = .99999,99988,24. 

95. If d be the circular measure of n", we have 

Q 

0^nx circular measure of 1" = n sinl", and n = -T--7, . 

' sml 



sinl'' as circ. meas. of 1" = 
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This agrees vfiih the Rule in (24) ; for, if A = 6w, where A is 
the number of degrees in the angle, whose circular measure is 0^ 

then fi, the number of seconds in it, « 60 x 60 x ^w = ^ x 

^ 648000 , ^ 

-Oyc = -r-rz f as above. 

«r sinl' 

96, Ejiowing now the sine and cosine of 10", the 
sines and cosines of all angles between 0'' and 90°, at 
intervals of 10", may be computed as follows. 

In the formula, sin(-4+ J9) = 2 sin^ cos5— 8in(-4— J?), 
put A = n.lO", J?= 10"; then 

sin(n+ 1) 10" = 2 sinw.l0" coslO" ^ sin(n - 1) 10" 

= (2 - A:) smn.lO" - 8in(n - 1) 10", 

if for 2 coslO" we write 2 — ^ where A is a very small 
quantity, .00000,00023,52. 

Hence {sin(w + 1) 10" - sinn.lO"} 

= {sinw.lO" - sin(n- 1) 10"} - k sinn-lO"; 

where by putting, successively, n = 1, 2, 3, &c, we get 
the values of sin20", sin30", &c : thus 

(sin20"- sinlO") = (smlO"- sin 0") - k sinlO", 
(sm30"- »in20") = (8in20"- sinlO") - k sin20", 
&c. = &c. 
The formula is put in the above form, because it is 
aeen that the quantity in brackets on the second side 
is merely a repetition of that which stands upon the 
Jlrst side in the preceding line; so that the only ad- 
ditional labour in each line will be to multiply by k 
the value of sinn.10" found from the preceding line. 

Having thus computed the sines up to GO'', we may 
proceed to iSnd the rest more simply by mere addition 
of sines already found, as follows: 

«n(60'+^) - sin(60"-^) = 2 cos60" sin^ = sin^ ; 
••. sin(60'+^) = sin(60"-^) + Bin4 : 
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thus sinGO" 10" ^ 8in59' 59' 60" + sin 10", 

sin 60° 20" = sm69' 59' 40" + sm20", &c. 

And, lastly, having found the smes from 0** to 90", 
these give us immediately the cosines from 90*" to 0% 
since cos-4 = sin(90**— ^), 

97. The tangents and secants from 0"* to 90" may 
now be found by the formulsB tan = — , sec = — ; 

' cos ' COB ' 

and these will give the cotangents and cosecants fix)m 
90** to 0**. But when the tangents have been found up to 
45^ the rest may be found more simply by the fonnula 
tan(45'+-4) - tan(45"-^) =* 2tan2J. : 
thus tan 45' 10" = tan44' 59' 60" + 2taii20", &c. 

Also, since 

. 1 sin*i^ + cos'i^ - ,^ - . . ^- .. 

cosec-a = -; — 7 = ^ r . . rV- = \itxa\A + cot^^ ], 

sm^ 2mi\A cosj^ 2V a ^ ay) 

we have cosec20" = ^(tan 10" + cot 10"), 

cosec40" = i(tan20" + Got20"), &c, 
or the cosecants and, therefore, also the secants, may 
be fpund for all even multiples of 10", by mere addition 
from the Tables of tangents and cotangents. 

98. As, by the preceding methods, an error, intro- 
duced at any point, would be carried on throughout 
the series of operations, and probably before long begin 
seriously to affect our results, it is desirable to calculate 
directly some of the Ratios for particular angles, by 
comparing which with the values for the same Ratios 
obtained as above, we may check our work at different 
points, and be certain that we have attained a sufficient 
degree of accuracy. The Ratios employed for diis pur- 
pose are the sines and cosines of angles at intervak of 
9' from 0" to 90\ 
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99. To find the value of 8ml8^ 

Let A = IS"*; then 8m36'* = co854*', or 8in2u4 = co83-4; 
.'. 28iiL^cosJ. = 4C08'-4 — 3C08^, 

or 28iiL4 = 4co8*^ — 3 = 1— 48m"-4 ; 
.-. 48in*^ + 2siiL4 -1 = 0, and 8ul4 = J(V5 -1)? 
where we take the po8itive sign of the root, because 
we know that sinlS** is positive. 

100. We have now sinlS** = J(V5— l)=cos72°, whence 
cosl8-V(l-8in"l8'')=V{l-A(6-2V5)}=iV(10+2V5)=8in72'*; 
C0836 - 1 - 28in"l8' = i - J(3 - V5) - i(V5 + 1) «8in54°; 
sin36V(l-co8»36")=V{l-TM6+2V5)}-iV(10-2V5)=cos54'. 

Also putting 9*" and 27** for A in the formulsB 
sin^ = i{V(l + sin2^) - V(l - 8in2-4)}, 
cos^ = i{V(l + 8in2^) + V(l - 8in2^)}, 

we get 8in9' = i{V(3 + V5) - V(5 - V^)} = co881', 

C089" = i{V(3 + V5) -f V(5 - \/5)} « sin81', 

8m27° = i{V(5 + V5) - V(3 - ^|h)\ = C0863% 

C0827" = i{V(5 + V5) + \/(3 - V5)} = sin 63% 

And thus, if we include sin 45** = ^^2 = cos45*, we 
have the values of the sine and cosine for all angles at 
intervals of 9** from 0° to 90**, which, by extracting the 
roots indicated, may be expressed as simple decimals. 

101. The following are called Formulm of Verijlr 
cation. 

8in(36'+^) - 8m(36 -^) = 2cos36'8m^= i(V5 + 1) sinJ, 
Bin(72'+^) - sin(72**-^) = 2cos72*'8ia4= J(V5 - 1) suul ; 
/• sin(36% Ay sm(36**-u4) - sin(72%^) + sin(72**- A) « sin^, 

a relation between the sines of five angles, which, if 
found to be satisfied by our tabulated results, will prove 
them to be sufficiently accurate. 

b5 
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In like maimer 
co8(36V^)+cos(a6'-^)-co8(72"+^)-coB(72-^)=coa4. 

Cor. Since 
8in(36' + A)^ cos(90° - 36' - ^) = cos (54' - -4), &c, 
these two formulse may also be written 
8iii^=cos(54'-.4)--co8(54'+-4)-co8(18'--^)-fcofl(18'+^), 
cos^ =x sin(54'- A)+ 8in(54'+u4)- 8in(18'--4)- sin(18V-4). 

102. The Tables do not go beyond 45': the values of 
the sines, tangents, and secants for angles above 45' 
being the same as those of the cosines, cotangents, and 
cosecants of their complements, which are less than 45'. 
Thus the page which contains the values of the Ratios 
from 19' to 20', is marked at the top with 19', and on 
the left-hand is a descending column of minutes ; while 
at the bottom It is marked with 70', and on the right 
is an ascending column of minutes ; and the colunms, 
which are marked sin, cos, tan, &e. at the top, are 
marked cos, sin, cot, &c. at the bottom: so that (for 
instance) the same nmnerical value would be read from 
the top as that of sinl9'54', and from the bottom as 
that of cos 70' 6'. 

Since the values of the sine and cosine, or of the 
tangents of angles less than 45', are always less than 1, 
and therefore will be decimal fractions, sometimes with 
two or three cyphers after the decimal point, they are 
printed in some Tables with the decimal point moved 
four places to the right, (as if they were each multiplied 
by 10,000,) while in others the decimal point is omitted 
altogether. No mistake, however, can arise in taking 
out the true value, if the Student is only made aware 
of this fact. 

All the above values are called the Natural sines, 
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cosineB, &c., to distinguish them from what are com- 
monly called the Logarithmic sines^ (or shortly, log- 
sineSj) &c., which, however, would be more properly 
called the Logarithms of the (Natural) sinesj &c. These 
latter are by far the most frequently required in prac- 
tice : more will be said about them in the chapter on 
Logarithms. 

103, All Tables, however, are not constructed for so 
small intervals as 10"; but, in such cases, the values 
of the sine, &c. for any angle not foimd in the Tables, 
may be obtained with sufficient accuracy for all ordi- 
nary purposes by means of a simple Proportion : and, 
conversely, the value of any angle, whose sine, &c. can- 
not be found exactly in the Tables, may be obtained, 
in like manner, by means of the same proportion. 

Thus, let the interval at which the angles are given 
in any set of Tables be a", and let I> be the difference 
between any two like functions of two successive angles, 
A and A + a", L being obtained by subtracting the 
function of A from that of A + a"; so let d be the dif- 
ference between the same frmctions of A and A -{' n": 
then, assuming that 2> : cf :: a : n, which (as will be 
presently shewn) is in most cases very nearly true, we 

J. J ^ T^ ^ 

get a=i - X D^ » = -ycXa. 



a 



D 



If a =t 60, as in Hutton's Tables, (which we shall use,) 

where the angles are given at intervals of 1', we get 

7 w ^ d ^. 

^"60^ ' w = ;pX60. 

Ex. 1. To find the value of sin 37° 23' 47". 

Here sin 37°24'= .6073758 \ ^ , ^ . ♦!, rr , , 

. «»• ««. ^/x«^ AAmf^ taken out from the Tables : 
em 37 23'= .6071447 / * 

Diftforl'or60"=+.0002311 : /. di£for42"«A^x.0002311;p.0001618j 
.-. Bin37°23'42" « .6071447 + .0001618 = .6073065. 
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We may omit the cyphers in the values of 2> and d, as below. 
Ex. 2. To find cot55° 27' 48". 

Here cotSS** 28' = .6881379 
cot 55° 2r= . 6885666 
Diff. for 60" = - 4287 5 /. diff. for 48" = |5 x - 4287 = - 3430 ; 
.-. cot 55° 27' 48* = .6885666 - .0003430 = .6882236. 

N.B. D and d will always be negative for the cosine, cotangent, 
and cosecant, which decrease as the angle increases from 0° to 90°. 

Ex. 3. Qiyen sec^' = 9.7654237: to find A* or sec'* 9. 7654237. 

Here, by the Tables, it would be found that sec^' lies between 
sec84** 7' = 9.7557944 and sec 84° 8' = 9.7834 124, so that -4'=84°7'n'' 
= -<4 + n", suppose. 

Now sec(A + 1') = 9.7834124 and sec(^ + n") = 9.7654237 
sec-4 = 9.7567944 sec^ = 9.7557944 

/. Diff: for 1' or 60" « + 276180 ; diff. for n" = + 96293 : 

hence n = a^V^A x 60 = 20.0 = 21 nearly, and A' = 84° T 21". 

Ex. 4. Qiyen cos^' ° .8241657 : to find A* or cos''.8241657. 
Here, by the Tables, coaA' lies between cos 34° 29' = .8242909 
and cos 34° 30' = .8241262, so that A' » 34° 29^ n" « ^ + n", suppose. 

Now cos(^ + 1') » .8241262 and cos(u4 f n") - .8241667 
cos^ = .8242909 cos^ » .8242909 

.-. Diff; for 1' or 60" = - 1647 di£ for n" = - 1252 : 

hence n = Hfr x 60 = 45.6 = 46 nearly, and A' = 34° 29' 46". 

Ex. 19. 

1. Given sin24° 37' = .4165453, sin24°38' = 4168097; 

find Sin24°37'15^ and sin-».4 166287. 

2. Given cos68° 12' = .3713678, co868° 13' « .8710977; 

find cos68°12'24", and cos"*. 37 11 999. 

3. Given tan46°l'= 1.0005819; 

find tan45° 0' 36", and tan"* 1.0002345. 

4. Given cot30°l'= 1.7308878; 

find cot30°0'17", and cot->1.731 2128. 

5. Given sec 59° 59^=1.9989929; 

find sec 59° 59' 25", and sec-»1.9990678. 

6. Given cosec 60° r = 1.1545067; 

find cosec 60° 0' 37", and cosec"*!. 1546025. 
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104. We shall here prove the truth of the principle 
assamed in (103), namely, that, for a very small incre- 
ment of the angle, the increment of its sine, cosine, &c. 
is, except in particular cases, proportional to the incre- 
ment of the angle. 

Let be any angle, and let i (expressed in circular measure) 
be any very small increment of 0. Then we have 

Kn{0-{i) - sind = sind cofid - cos^ sind - 6ia0 i 

= cos^ sini - sind(l - cos^) 

= COB0 sin^ -< 1 - tan^ — . ^ I 
L sin o J 

= cos^ sin a (1 - tan^ tan J^) by (74) : (i) 

cos(0-}-d) - cosd = COB0 COS d - sin ^ sind - cos0 

= - sin^ sind - cos^ (1 - cos^) 
= - sin^sind(l + cotdtan|d) : (ii) 

tan(0 ^^- tang- ^^"(^'^^) sin^ _ sin(g-f^) cos^ ~ cos(g4 i) sin^ 

""C0S(^+^) COSd COS0 cos(^-f i) 

_ sin{(^ + S)-0} sin^ 

cos^ cos(^+ i) ~ cosd(cos^cosd-sindsind) 

sind _ sec'^tan^ ... 

^ cos"^ cos« (1 - tan^ tan.^) "* 1 -tan^tan^' ^^' 

Now, if ^ be very small, sin^ and tan^ are by (91) very nearly 
equal to 6, and are both, therefore, very small; hence, unless tan^ 
be large in (i) and (iii), or cot^ in (ii), we may write the above 
8in(^ + ^) - sin^ = i cos^, cos (^ + 5) - cos^ = - i sin^, 
tan(0 + i) - tan^ = S secV; 
whence we see that, for any given value of 0, a small increment (8) 
of the angle will produce a small increment of the sine or tangent, 
proportional to that of the angle, provided that tan^ be not very 
great, or near 90°; and similarly for the cosine, provided that 
cotd be not very great, or near 0° or 180°. 

Similarly, we have 
cot(0 + a)-cot^ 

^0O8(£+j8) cos^ sing cos(g-i- S) - cos^ sin (g-t- 8) 
' 8in(g fa)" sing "* sing sin (g + d) 

Bm{g-(g-fa)} -tan^cosec^ 

"•in»gcosa(l + cotgtana)'' 1 + cotgtand* ^^^) 



,' 
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ueo{0 + d) ^ aecO 
_ 1 1 cos^ " co8(g + d) coB^(l-co8a)-i- sin^ajna 

" C08(^ + d) C08^~ CO&0cOS(0 + d) " QO%0 CO&(0 -^ t) 

_ ^ sm^ ' _^ tana BecO (tan|a f tan^) ^ 

C08"6^C08a(l-tan6^tana) l-tan^tana ^^^ 

co8ec (^ + a) - co8ecd 

1 1 8ind~ 8in(d + a) 8ind(l -^coBa)- co8d sina 

'^8in(^ + a) 8m^ "* sin^sint^ + a) sint? 8in(^ + a) 

8ma8m^( r-T COt^) . . /!/* 1 » xm 

^ ^ ama _ tana co8ec^(tan | a - cot^) . 

"^ 8in'0co8a(l-cote>tana) 1-cot^tana * ^^^ 

So that here al8o, if a be very 8mall, we may write 
cot(^ + a) - cot^ = - a co8ec'^, 8ec (^ + a) - sec^ = a Bec^ tan^, 
co8ec(d + a) - co8ec0 == - a cosecd cot^, 

unle88 be near 0° or 180° for the cotangent and eoteeant, or 
near 90°, for the secant. 

It follow8 then that, for all the trigonometrical functiona, (ex- 
cept in the particular ca8e8 above noticed,) a 8mall increment (a) 
in the angle will produce a 8mall proportional increment in the 
function. Hence, if 2), d, be the increments of any function cor- 
responding to small increments of a** and n", respectively, for any 
angle A, and if a and v be the circular measures of a" and n*\ then 
(by the above) we have 

D \ d IX a I V M a X n^ 
the same result as we assumed in (103). 

Cob. Of course, we are not at liberty to employ the method in 
(103), in order to determine with greater accuracy the value of an 
angle (or its function), when not exactly given in the Tables, if the 
case be one of those above excepted. Hence, if the angle be near 
90°, we should not be able to find it with very great accuracy from 
its tine, tangent^ or secant; nor, if near 0° or 180°, from its comne, 
cotangent^ or cosecant 
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CHAPTEE V. 

ON THE TRIGONOMETRICAL PROPERTIES OF TRIANGLES, 
QUADRILATERALS, AND POLYGONS. 

105. To shew that in any triangle the aides are 
proportional to the sines of the opposite angles. 

In future we shall use the letters a, 5, c, to denote 
the sides J? (7, A 0, ABj opposite to the angles A^ J?, (7, 
respectively, of any triangle ABC. 





M ^ 



Let ABC be any triangle, and from C draw CD 
perpendicular on AB^ or on AB produced: then 

CD ^ AC sin A = BC sin J?, or -r-^ = -n^ = -r . 

' smB AC h 

Similarly, by drawing a perpendicular from B on 

A (7, we may shew that -r— tv = -775 = ~ • 
' ^ smC7 AB c 

Hence we have a : b : c :: sinA : sin-B : sin (7; 

- - . sin^ sin^ sin(7 
or, as it may be also written, 



a 



106. To express the cosine of an angle of a triangle 
in terms of its sides. 

Let ABC be any triangle, and from (7, as before, 
draw CD perpendicular on AB^ or on AB produced. 

Then in figs. 1 and 2, 
BC^'^^AC^^ AB* - 2AB.AD^ {Euc. 11 13) 

in fig. 3, 

BC'^AC' + AB' + 2AB.AD : {Euc. 11 12) 
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but AD = ACcosCAD = AG cobA in figs. 1 and 2, 

^ — AC cosu4 in fig. 3 ; 
.•• in each case, BC^ = ^C + AB* - 2AB.AC cobA^ 

or a» = J* -f c* - 2bd cobA, whence cos^ = ^'"^^'"^ . 

Of course, it was not strictly necessary to heLve jpraved 
(as we have done) the truth of the above in all cases ; 
since the result with the first figure would have served 
for all the rest by the principle of (6). 

In like manner we should get 

J* = a' -f c* - 2ac coaB, c" = a" + J* - 2a5 cosC, 

and cos^= , cobC — — --^ . 

2ac ' 2ab 

107. To shew that, if « ss ^(a + i + c), then 

and thence to deduce expressions for tan^uil and sin^. 
We have 

' 26c 2bc 

ib+c+a){h+e-a) 2B(28-2a) _ . ^^ia„J±Z^. 
2bc 2hc ' " «»4^-V— 33- . 

2 var*A = 1 - coaA = 1 -= a >, — -^ 

^ 2hc 2bc 

__ {a-h-\-c ){ a + b'-c) ^ (2j-2&)(2g-2c) . 
~ 2bc ~ 2bc * 

oc 

The positive roots are taken, because A^ being an 
angle of a triangle, must be < 180**, and ^A < 90^ 
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In like manner 
coB^B = /^^^ , cosiC = /-^^ ; 

Hence tanj^ = ^|4 = V^^^^ ; 

2 

and 8iil4 =* 2sinJ^ cosJ-4 = t- VM*""^)(*""^)(*"^)}' 

In like manner the expressions for tan^J? and sin^, 
tan ^(7 and sin (7, may be written down at once, by 
Symmetry^ from those for tan^^ and sin^. 

Cob. From the last result it appears, as in (105), that 
Bin^ 2 ,, , ,, ,,, v^ sin5 sin (7 

108. The formulae, which have been proved above 
for all triangles, when applied to a right-angled triangle, 
will be found to agree with our former expressions. 

Thus, if C=90", then sin (7= 1, and = - = ^ , 

' ' ^ a c b ^ 

or a = c sinJl, b = c sinB; 
80 cos(7=0 = — - T — ; .'. a^ + b* = c*^ (as in-Be^. 1 47); 

and .'. cos^ = ^rv = in- = -« orb=^c cos^, 

26c 2bc c^ 

and, similarly, a = c cos£. 

109. To eocpress the Area of a triangle in terms of 
the aides and angles, 

"We have the area of every triangle = ^ rectangle of 
same base and height = ^ base x height : 
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hence, referring to the figures in (105), we have 
Area of triangle ABC = ^AB. GD = i^AB.A C einA 
= JJc sin-4 = ^ac smB == Joi sin C. 

Hence also, Area = ^bc bul4 = by (107) 

be 2 

y Xg^V{« («-«)(«-*)(«- c)} = V{«(« -«)(«-*)(« -c)}; 

-, . . - asin-B asInC . . , - sijLBsinC 
* * sin^ Bin^ * am(5+ C) 

Cob. The expression for the area 

^{s [s — a) (5 — 5) {8 — c)} 
= VB(a + J + c) J(5 + c--a)i(a + c-J)i(«+*-^)} 

110. Since sin^, sinJ?, sinC, are respectiyely proportional to 
a, b, Cf we may substitute the former quantities for the latter 
(or vice versa) in cases where, being inyolyed komoffeneouely, they 
occur either on opposite sides of an equation, or in the num' and 
den' of a fraction. This step will often be found of great use in 
the solution of Problems, and will be best illustrated by the fol- 
lowing Examples. (See Alg., Part I 85-88, and Part II 26-28.) 

Ex. 1. Since sinC= sin(^ + J?) = sin^ cosJ? + sinJ? coa^, we 

should have, by the aboye substitution, c »a eosB + b et^A : 

and this would be true; for 

sinC -J , sinP . c » 6 ^ 

-; — 7 = cos^ + -. — - coaA, or - = cos5 + — C08-4 : 
srn^ sm^ a a 

• ^ .*. c B a cosj9 + 5 cos.^. 

V 9 ^ - ^ ^^""^ (h \ ^* (6 ^■ c) 9m*A 

' 5 + c" sinJ? + sinC' *^'°^ "^^^(6+^" (sinJ? + sinC/ ' 

We may best ^ot^d the truth of such transformations by putting 

<* be » A t » -w^ .^ 

smA smB smC 

a* ax sin^ a %mA . 

• __— ^ a: — ^— — — — ^_ s — &C. 

" 6+c « sin-B + « sinC sin^ + sinC' 

Ex. 3. Area ^ ^bc sin^ 

1 yii tv ^ ^inA . ,,- -, %mA sinB sinC 
"^ ' 6"+c" *^ ' 8m*j5 + Bm'C 
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E3L. 20. 

In any triangle, righUangled at C, proTe the following formulae : 
1. cosM - J?) =s —=• • 2. cos2^ = £5 -. . 

3. tan2J--^^. 4. tanj(^-^) =^^. 

6. C0B(2^-J?) = ^(3c»-4a*). 6. tanJ^ = V^- 

In a right-angled triangle, obtain these expressions for the area : 

7. }(a + 6 + c)(o + 6-c). 8. ic»sin2^. 

In any triangle prove the truth of the following formulce : 

ft '/^ «x <*'-^«r^ »x -1/% vers-4 a(a + c-h) 
^ ' <r ^ ' vers^ 0(0 -I- c- a) 

tanC t^ + i^-b* c ' 

a-\- h -c , , tani-4 4- tan JP c 



13. tanM tanJ-B = , . 14. 



a + 6 + c ' ' tan^^ - tan|^-B a - 6 ' 

In any triangle, obtain these expressions for the area : 

15. j(«._ y; 55^^ . 16. -^ coei^ cciJ? cosJG 



111. There are ^tic parts in every triangle, three sides 
and three angles; and there are three independent re- 
lations necessarily existing between these parts, or they 
could not belong to a triangle at all. These are ex- 
pressed algebraically by the following equations, 

-4 + jB + (7 = 180 , and ^ —5— = . 

^ a o c 

All other results which we have obtained are in fact 
only modifications of these. 

Thus the expression for cos^ might have been derived as 
follows : 

In (110 Ex. 1), we found, merely using the above fbrmuls, that 

ca cobB + h coaA ; 
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hence e- h cob A «= a co&B, or c* - 2he coaA + h* cot? A = a* cot^B, 
whence c« - 26c cos^ 4 6* - a" = 6^ sin*^ - a* sm"^ = by (106); 

and thug we get cos^ = ^r- — » w before. 

112. Generally then It will be sufficient, for the 
determination of all the parts of a triangle, If three of 
the six parts, or three Independent equations between 
them, be given; since then (with the above three 
equations) we shall have six equations for determining 
the six parts. But there are two exceptions to this 
statement. 

(1) If the three angles alone are given, we have in 
reality only ^V6 equations given us ; for when two angles 
are given, the third Is known from -4 + 5 + (7 = 180*, 
and Is therefore useless as a third datum. In this case 
the ratiosy but not the magnitudesy of the sides, will be 

determmate from the equations t = -=-t5 » - = ■ >. • 

^ BULD ' c smu 

Hence the triangles, corresponding to our data, wiU 
be all similar^ but indeterminate in magnitude. Con- 
sequently, one side, at least, must be given, In order to 
determine a triangle. 

(2) If a, i. Ay are given, that is, two sides and the 
angle opposite to one of theniy then. If a < i, or the side 
opposite to the given angle be less than the other given 
side, we shall now shew that there are tioo triangles, 
which have the same given data, and the problem, 
therefore, Is ambifftiotiSy or admits of a double solution. 
This, however, can only happen when -4 < 90* ; for, 
since 5 > a, therefore also B> Ay and, consequently, 
A must be < 90*, or else we should have two angles 
of a triangle together greater than two right angles. 
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Take AC = 5, and lCAB (< 90") =A] with centre C 
and radius = a, describe a circular arc : 
then, If a < i, It Is plain that the circle 
, will cut AB In two points B^ B\ on the 
same side o{ AG aa that on which is the 
angle A^ and that each of the triangles CAB^ CAB\ 
win have In common the three data, a, 5, A. 

If, however, h be such that the points J5, B\ coincide, 
then GB will be perpendicular to AB^ and there will be 
but one triangle In which GB^A G sIn-4, or a = J sln^. 
Hence, If we see that the given data satisfy this 
equation, we may infer at once that the case Is not 
ambiguous, although a be less than i, since the triangle 
is a right-angled triangle. 

Cob. Observe that 

lGBA = 180" - iGBB' = 180" - iGB'B; 

that is, the angle B in one triangle will be the supple- 
ment of the angle B' In the other. 

113. If In (112) the radius (a) be less than the per- 
pendicular (5 sIn-4) from G upon ABy the circle will not 
cut ABy and no triangle can be formed. In this case 
the solution is impossible. So also, if two angles are 
given, whose sum is greater than two right angles, or 
three sides, any two of which are not together greater 
than the third, the solution Is Impossible. 

Ex. 21. 

1. One angle of a triangle is 30°, and the sides including it are 
2f yards and 3{ yards respectively : determine its area. 

2 Find the area of an equilateral triangle, one of whose sides 
is 60 yards. 

8. Find the area of an isosceles triangle, whose base is 60 feet, 
and each of its equal sides 30 feet. 
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4. How many trees can be planted in a triangular piece of 
ground, the lengths of whose sides are 130, 120, and 50 yards, 
if two yards in length and breadth be allowed for each tree ? 

5. Find the area of a triangular field, whose sides are 216 yards, 
270 yards, and 162 yards. 

6. What length (AE) must be taken along the diagonal of 
a square field (ABCD), whose side is 100 yards, so that the 
triangle AEB may be exactly a fifth part of the whole square ? 

7. Find the area of a parallelogram, whose adjacent sides are 
28 and 30 feet, and the included angle 15P, 

8. The sides of a triangular field measure 189, 169, and 42 yds : 
find its value at £150 an acre. 

9. The hypothenuse of a right-angled triangle is 5.25 feet, 
and one of its angles is 30°: find the remaining parts, and the 
area of the triangle. 

10. The angles of a triangle are in A.P., the least being 30°, 
and the opposite side is 100 yards : find the area. 

11. Given o = 10, c = 20, -4 = 30°; solve the triangle. 

12. The sides of a triangle are as 1, li^i If ; find the greatest 
angle, and the sines of the other two. 



114. To find the radius of the circumscribed circle 
of a triangle,^ in terms of its sides and angles* 

Let ABG be any triangle, 0.4 = OJ? = 0(7 = -B, the 

radius of Its circumscribed circle, whose 

centre is found [Euc, iv 5) by bisecting 

any two sides of the triangle AB^ ACj in 

Ej F^ and drawing the perpendiculars J?0, 

FO] in which case the perpendicular 0Z>, 

from on BOj will bisect the third side BC in D. 

Then BD = BO BmBODj or la = B smAy since 

lBOD =^ ^IBOC =^ aBAG = A; 

a b c 




hence we have M = 



2&mA 28inJ5'^2sin(7' 



,. ., IV abc abc 

or (m sides only) = 4^^,_^)(,_^)(,_,)^ = Jg > 

if 8 represent the Surface^ or area, of the triangle ABC. 
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115. To find ike radius of ike inscribed and escribed 
circles of a triangle^ in terms of its sides and angles. 

Let ABC be any triangle, and let 
OD = OE=OF=^r 
be the radius of its inscribed circle, 
whose centre is found {Eiic, iv 4) by 
bisecting any two angles of the triangle 
by the lines BO^ CO^ meeting in 0] 
in which case the line AO will bisect 
the third angle A. 
Then we shall have 
area ABC = area OBC + area OAG + area OAB^ 
or ^bc sin A = Jar + ^br + icr ; 

."• be mi A == {a + b + c)r ^ 2sr^ and r = —- em A = - . 

Zs ** 




s 



Similarly, if the exterior angles at B and C be 
bisected by BO'j (7(7, then AO' will bisect the angle Aj 
and (7 will be the centre of a circle, which will touch 
BG and the other two sides AB^ AC^ produced^ and 
which is called an escribed circle of the triangle. Now 
if the radius of this circle OU = O'E = OF = r,, we 
shall have 

area ABC =* area 0'AG-{- area O'AB - area OBC^ 
or \bc sin-4 ^ \br^ + \cr^ - \ar^ ; 

hence be sin-4 = (5 + c — a) r^ = 2 (» — a) r^, 

be . , 8 



^" ''^ == 2(7::^ 



Sin^ =i: 



« — a 



In like manner, if r,, r,, be the radii of the escribed 
circles, touching the sides b and c respectively, then we 
should obtain 

8 8 

« — 6' ■ « — c 



^ = 
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N.B. Notice, for the sake of problems, that, sinoe 

AE^AF, BD^BF, CD = CJS, 

.-. -4^ + J?F+CZ) = J(perimeter) = «, 

and AE = « - (BF^ CD) = « - (B2) + CD) = « - a: 

hence Ji^ or -4 JP = « - a, BDot BF^$-h, CD or CE = $ - e. 

116. To find the area of a quadrtlatercbl^ whose op^ 
posite angles ate supplementary^ or (Euc. Ill 22) of a 
quadrilateral which may he inscribed in a circle. 
.5^^--,^ Let ABGD be a quadrilateral, such 

1^^ that the angles A and (7, and, therefore, 
also B and i>, are supplementaiy : then 
sm(7=8in(180° — ^) = sm^, co8(7=--co8-4. 

Let AB^a^ BC=bj CD^c^ DA^d^ and join BD\ 
then area ABGD = area ABD + area CBD 
= \ad sin-4 + \hc sinC = \{ad-\- be) emA. 
Now we have by (106) 2a<?co8-4 = a" + c? - BIf 
and 25c cos(7 or — 2Jc cos-4 = J' -f c* — J5Z>* ; 
hence, subtracting, 2 (arf+ 5c) cos -4 = a" + ^ ■- 5' — c', 

a« + ^ ^ y - c" 
or cos-4 = — -7— .= — r-\ 1 

2(arf+Jc) ' 

._ a» + e?-i'-_c' {b + cy^{a^d)* 
.-. 1 cos^-l 2(arf+Jc) ^ 2(arf+5c) ' 

1 -i_ >4 - 1 _L a' + J'-5'-c' _ (a + rf)«- (i-c)* 
1 + cos^ - 1 + 2{ad+bc) ~2{ad+b6) ' 

and BmM«l-cos»^- (*±^(-^^" x («+^'-(^-<^)' 
and sm A^l cos ^- ^ (0^4 Jc) "" 2(arf+5c) 

(5 -f c + a'-d){b + c-\'d''a)[a+d-i'b'-c){a + d+c^b) 
" ^ 4(ai + 5c)» 

T . ,x (2«-2rf)(2«-2a)(25~2c)(25-2ft) 

2 
hence ®^-^ = Z^ X a' ^{(* ~ ^)(* "" ^)^* "" ^) (* " ^}> 

and area ABGD = V{(« - «)(« - b){s - c)(« - d)}. 
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117. To find the radii of the circumscribed and in- 
scribed circles of any regular polygon. 

Let AB{a) be the side of a regular polygon of 
n sides, the comiDon centre of its inscribed 
and circumscribed circles. Draw 00 per- 
pendicular on AB: then, since the sum of all 

the angles, subtended at by the sides of the 

27r 
polygon, is 360° or 27r, we have l A OB = — . 

n 

Hence, R = radius of circle circumscribed 

= OA = AG cosec AOC = ia cosec — -. 

n 




Again, r = radius of circle inscribed 
^00 = AC cot AOC =iacot 



TT 

n 



CoR- Conversely, if .B or r be given, we may find a. 
For, if ^ be given, then a = 2jB -^ cosec — = 2 jB sin — ; 

and, if r be given, then a = 2r -^ cot — = 2r tan - . 

118. Hence we obtain the following results : 
(i) Area of any regular polygon, in terms of a, 

TT 

= n X areaO^-B = n x ^AB,OC = \nc? cot - ; 
(ii] Area of inscribed polygon, in terms of R^ 

277* 

= » X areaOAB = nx ^AO.OBmiAOB^^nS^^m — ; 
(iii) Area of circumscribed polygon, in terms of r, 

TT 

= w x area OAB = nxAG.OG — nr*tan — . 

n 

If the circle be the same in (ii) and (iii), then the sides 

of its inscribed and circumscribed polygons will be 

TT IP • 2'7r TT 

2r sin —, 2r tan- , and their. areas iwr*sin — , nr'tan- , 
n^ n^ * n ^ n ' 
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which may be written wr^sln - x cos — , nr^sm - -r cos — . 
•^ n n^ n n 

119. Hence also we may deduce the area of a circle 
in terms of its radius. 

For, as above, the area of a regular circumscribed 

polygon of n sides = 7^r*tan- = (multiplying and di- 

viding by -) ttt^ x tan- -f- - : and since, by increaang 

the number of sides, the polygon tends continually more 
and more to equality with the circle, and (91) the ratio 

tan — r - to 1, therefore, as w is increased indefinitely, 
n n ^ ' 

the Limit of the geometrical ^gure is the circle, and 
the Limit of the corresponding algebraical expression 
for its area is ttt'; hence, we have the area of the 
circle, = ttt', as in (30). 

Ex. 22. 

1. Shew what the expressions for JR and r m terms of the sides 
become, when the triangle is equilateral, or a s 6 = c. 

2. Obtain the same when the triangle is isosceles, or a = ft. 

3. In the figure of (115), shew that the products of the alternate 
segments of the sides are each equal to }(a + 6 + e) r*. 

4. Shew that the areas of all triangles, described about the 
same circle, are proportional to their perimeters. 

5. If a, p, 7, denote the distances from the angular points of a 
triangle to the points of contact of the inscribed droie, express 
the radius in terms of a, /3, 7. 

6. Compare the areas of two regular hexagons, described in 
and about the same circle. 

7. Express the radius of the inscribed circle of a triangle in 
terms of the radii of its three escribed circles. 

8. One side of a ri^ht-angled triangle being 18 in., and the 
radius of the circumscribing circle 15 in., determine the radii of 
the inscribed and escribed circles. 

9. Shew that -R = iy . . ?^'L . ^ yfmd2Br^ ^ ■ , 

sm^ sm^ smC a + 6 + 

10. If the txialigle be right-angled at C, then B-\^r== i{a + 5). 
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CHAPTEE VL 

ON THE SOLUTION OF TRIANGLES. 

We now proceed to the general solution of triangles 
by the aid of Trigonometry. But the Student should 
have read Arts. (131—144, 155) in the Chapter on Loga- 
rithms, before entering on this Chapter. 

120. If the triangle be right-angled^ we have here 
<me datum, namely, that one of the angles, C suppose, 
= 90°, and we require only two other parts to be given, 
in order to solve the triangle completely. One of these, 
however, (112) must be a aide. 

Hence ^^r cases may occur. 

(1) Given a, ^4, or one side and (me angle. 



Here 5 = 90° - ^, J = a cot-4 or = 

c = a cosec-4 or = 



a 



a 

sin-4 ' 
so that, in logarithms, 

log J = loga + log cot -4 = loga + L cot^ — 10, 

or = loga — log tan^ = loga — L tan^ + 10 ; 

logc = loga + log cosec^ = loga + L cosec-4 — 10, 
or . = loga — log sin-4 = loga — L sin-4 + 10. 

This case includes, of course, that in which 5, h are 
given, or in which -4, J, or -B, a, are given ; since, when 
one of the angles -4 or -B is given, the other is given 
also: and similar remarks apply to the other cases 
which follow. 

(2) Given c, -4, or the hypothemise and an angle. 

Here jB = 90* — -4, a^ c mxA^ b ^ c cos-4; 
BO that, in logarithms, 

loga = logc -f L sinA - 10, log J = logc + L cos-4 - 10. 

p2 
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(3) Given a, S, or tioo sides. 

Her© tan J[ := -^ , or L tan A = 10 + loga — logft ; 

then, having found Aj we have 

J5 = 90° — Ay and o^ a coaec Jl or = J sec.^. 

We might have fonnd c from its value V(«* + J*) ? but, 
unless a and h should be numbers of one or two figures 
only, this would be more laborious, as the above ex- 
pression is not adapted to logarithmic computation. 

(4) Given a, c, or one side and the hypothemise. 

Here sin-4 = -, or L sin-4 = 10 + loga — logo ; 

c 

and now, as before, 

B =90'' — Aj h = e cos-4 or = o cot-4. 

Here also h = V(c* — a*) = ^{{c + o) (c — a)} ; 
/. log6 := i\og(c + a) + ilog(c-a). 

Ex. 23. 

Verify each of the abore methods npon the following triangle : 
a » 123.4567 loga « 2.0915147 log(c+a) » 2.5894249 

5 » 234.5678 log& = 2.3702685 log(c-a) « 2.1&1U21 

c = 265.0721 logc = 2.4233642 A = 27° 46»3r 

L sinu^ ^ 9.6681505, L cos A >= 9.9469043, L tan^ « 9.7212462. 

121. If the triangle be oblique^ there will also be 
four cases, one side at least being given in each. 

(1) Given a, Aj B^ or <me side and ttoo angles. 

Here G = ISO**- {A + B)jb = a -r^ ^ c = a -^j ; 

so that, in logarithms^ 

log&=loga+Lsin^— Lsin4, logo=loga+Lffln C—ltsinA, 

This, of course, includes the case when a, A^ (7, are 
given, and also the case when a, B^ (7, are ^ven^ since, 
if By Gy are given, A is also given. 
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(2) Given a^ 5, -4, or two sidesy and an angle opposite 
to one of them. 

Here sin^ = - sm-4, or L Bin5= L sm-4 4- log J — loga ; 
uni now C = 180° - (u4 + 5), c = a ^5.^ . 

Here, however, if a < S, we light upon the ambiguous 
case (112) ; and this ambiguity appears also from the 
above algebraical expression for ein.B. For, if a < &, 
then A < B\ and^ tiierefore, since A must be < 90°, 
(otherwise, we should have A + B < 180°,) B iiib,j be 
either greater or less than 90°, that is, B may be either 

of the two aneles whose sine = - sin J[, one of them 

^ a ' 

being supplementary to the other. 

I^ however, a > 6, then -4 > 5, so that B must be 

< 90° ; and we have here no uncertainly, but must take 

for B the less of the two angles whose sine = - sin^. 

Ex. 24. 

Verify each of the aboye methods upon the following triangle : 
-4=44° a = 765.4321 Lsin^ =9.8417713 loga = 2.8839067 
^^ee'' 5=1006.62 Lsin^ =9.9607302 log& = 3.0028656 
C=70° c = 1035.43 LsinC =9.9729858 logc = 3.0151212 

andffortheamb.case, Lain 22°= 9.5735754, log412.7725 =2.6157108. 



122. (3) Given a, 5, (7, or two aides^ and the included 
angle. 

Let a be the greater of the two given sides. 

Tben T = -5— H ? whence (Alg. Part i. 85) 

g — & _ 8in-4 — sin5^ tanJ(-4 — 5) , . . 
5Tft "" 8in-4 + 8m5" taniU + 5) ^ ^ r 
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^ r r 

hence tani(-4— J5) = , tanJ(-4 + 5) = — -^ cotJC, 

(since i(^4-5) =« i(180'-C) = 90° - ^(7;) 

.-. Ltani(^-5) = LcotJ(74-log(a-J)-log(a + J), 

= 20 - L tan J(74-log(a- J)-log(a+ J); 
and i (^ — J5) is, therefore, known : 
whence A^\[A'^B)-\\{A'-B\ and 5=4(^+^-i(^-5), 

, ^, sin (7 , sin (7 ,.v 

and then c = a -; — r or = o -^ — ^ . (i) 

N.B. If h shotdd be the greater of the two given 
sides, instead of the formula above, we should use 

tani(5--4) = p^ cotja 

123. We may, however, obtain a different expres- 
sion for c as follows: 

c sin(7 ^ WLJA^B) 2sin^(u4+ J)cos^(^+ J) ^ 

a+J*sinJ.+sinS sin-4+sinjB" 2sini(-4+jB)cosJ(-4--B)' 

, cos^(.i4 + ^) , , ,. 8ini(7 .,.. 

• • ^= (^ + *) cosi(^-^) = (^ + ^) cosni-^) • ^"'^ 

Or otherwise : we have 

c« = o" + J» - 2aJ cobC 
= (a" + J»)(coB'i(7+ sm*i(7) - 2aJ (cos'iO- sin'iC) 
= (o + J)' sin'iCf + (a - &)« cm*\G 

= (a + 6)« sin''i C {1 + ^ cotj OH. 

Now, since the tangent of an angle may be of any 
sign or magnitude, 

put tan^ = 7 cot^ G\ 

then ^^{a^ Vf sin'i (7(1+ tan'<^) = (a + i)* sm»^ G sec*.^, 
or c = (o + i) sinJCsec^ = (a + 6) — ^rt (iii) 
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wlilch result, however, coincides with (ii), since 
tan^= — 7 cot^G= tani(-4— J5), as appears from (122) ; 

/. (f) =: ^(^ — J5), and the two expressions coincide. 

124. (4) Given a, J, c, or the three sides. 

Here we must employ the formulae in (107), for 
sln^Aj cos^-4, tan^-4, each of which requires only 
four logarithms, whereas that for sin -4 requires seven^ 
and is, therefore, less convenient for use. If two angles 
-4, J5, are to be found, it will be best to use the formulae 
for tan^^, tan^£, as the same logarithms are required 
for each of them, which would not be the case if we 
used the other formulae. In other cases any one of 
the three formulae may be used ; except that, when ^A 
nearly equals 90**, it is better not to determine it by 
the sine or tangent, nor when near zero by the cosine ; 
inasmuch as (104) we should not be able, in such cases, 
to determine ^A with sufficient accuracy. 

Ex. 25. 
Verify the methods (3) and (4) on the triangle in Ex. 24, 
having abo given 

L tan 35° = 9.8462268 log(6 + a) = 3.2484765 

L tan 1 1° = 9.2886522 log(6 - a) = 2.3823555 

Ltan22'' = 9.6064096 log« c= 3.1473150 

log(« - a) = 2.8050649, log(»- 6) = 2.5989515, log (»-c)« 2.6662477. 



125. The angle <^, introduced in (123), is called a 
subsidiary angle. Such an angle may often be em- 
ployed, as it is there, in order to change an expression 
of more than one term into factors^ and so render it 
suitable for logarithmic computation. 

We shall here give a few additional instances of the 
use of such subsidiary angles. 
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Ex. 1« To adapt '^{a±b) to logarithmic computatioxL 

Here ^{a±b) = V«V(1± -V 

For the upper sign, put tan*d = - , and, for the lower, put sin^ = - ; 

then ^/(a + 6) s ^y^a . seed and ^(a -b) = ^a.cosO: 
but, in the latter case, b must be less than a, or we could not 
make the assumption, nor would the given expression '\/{a--b) 
be a possible quantity. 

Ex. 2. To adapt a + 5 -f c to logarithmic computation. 

Here, putting tan'^ = -, we get a + & = a(l + tan'0) » a secV; 

c c 
and a-¥b ^^c^a sec"^+c, whence, putting tan^= -— « - cos^, 

a-k-b + c^sa sec'd (1 + tan'0) = a aec*0 secV* 

Ex. 3. To adapt a cos a ± 5 sin a to logarithmic computation. 
Here, if k sinO ^a, k cosO « b, .*. a cosa ± b sina = k sin(d±a) ; 
where A;«(8in*6?+cos'^) or k* = a* -^ b\ that is *= V(«*+ ^)» 

and z ;; or tan^= -, whence k and are determined. 

A;cosd b 

The expression for k, however, may be adapted to logarithmic 
computation, for A = V(o* + i*) = a V(l +00^0) = a cosec^, a result 
which we may obtain immediately from k sjxlO » a. 

These examples are sufficient to shew the method of proceeding 
in most ordinary cases. Thus, if we had to adapt to logarithmic 
computation such an expression as 

o + 6 coaO + c cos(0-a) + d sin(d+/3), 
this may be written 

a-\- (b-{-c cosa 4 d sin/3) cobO + (csina+<} cos/3) sind; 

which, by Ex. 2, may be converted to a -f ft' cos0 + c' sin0, (where 

b\ &f will have been found in forms adapted to log. computation ;) 

this again, by Ex. 3, may be expressed as a + A; sin (0 + 7), which 

k 
last may be converted by Ex. 1 to a sec^, if tan^ = - sin (d -h 7). 
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CHAPTER Vn. 

ON THE MEASUREMENT OF HEIGHTS AND DISTANCES. 

126. We have already seen some instances of the 
application of Trigonometry to the actual measm^ment 
of heights and distances. We shall devote this chapter 
to illustrate the practical application of the Science to 
such cases as may commonly occur of a similar kind — 
that is, where the distance required cannot be measu/redj 
either on account of its great magnitude or of some 
intervening obstacle, and cannot also be more simply 
obtained by the ordinary rules of common Geometry. 
For, in actual surveys of land or countries, there are 
many results which may be obtained very easily without 
the help of Trigonometry ; and of these we shall first 
give some instances. 

127. Besides the property proved in Euc. I. 47, 
namely, that ^ square upon the hypoihenvse in a right- 
angled triangle ie equal to the sum of the squares upon the 
two sideSj and the proposition deduced in (30) that the 
area of any triangle = ^ base x height^ it is very useful 
to notice the following geometrical properties, which are 
much employed in common field-surveying. 

(1) The area of any quadrilateral ABCD 

=a areaA8(7+ area.<:li>(7 

^\ACy.BE+^AGxDF^\AC{BE+DF), 

if BE^ DF^ be the perpendiculars from the 
angles J?, i>, on the cUagonal A G. 

v5 
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(2) The area of a quadrilateral ABCDj two of whose 
D sides ADy BG^ are parallel, 

= area ABC + area ADG 
^ k c ^ = \BGx AE+^Al)xGF^^{BG+AD)AE 
= ^(sum of parallel sides) x (perp. distance between them]. 
^ (3) The area of any quadrilateral .4-BGZ> 
= areauilB^ + eiTea.BEFG + area CFDy 
A E D' F i) (if BEy GFy be perpendiculars on AD^ 
^^AExBE+ \[BE-^CF)EFhj (2) + \GFx FD 
= \{AE^EF)BE^\[EF^FD)GF^\AFxBE^\DExCF. 

N. B. The same result will be found to hold good, if the per- 
pendiculars, either or both of them, should fall toiihout the side 
AB : thus, if CF fall beyond D from A, as at 2X, we shall hare 
area ABCLf = area ABE + area BEFC - area CFD 

= iAExBE^ HBE^ CF) EF - \CFx FJOf 

= \{,AE^ EF) BE + \{EF- FB) CF 

= iAFx BE + \iyE X CF, as before. 

128. By means of the above properties, fields, &c. 
are usually measured, being broken up into triangles 
or quadrilaterals, for which the necessary lines are 
measured, and the areas found as above. 

The following Example will give an idea of the mode 

of proceeding in such a case, and the way in which the 

operation is conducted. 

Let ABCDE be a five-sided field, ^C7 its longest diagonal: 
iQ the surveyor measures along from ^ till he comes 
to a, where he sees the angle ^ in a direction at 
^D right angles to ACi he measures aE, and then 
measures on ah in the same line as before, to the 
A. E point 6, where B appears in a direction at right 
angles to ^C; in like manner he measures hB^ he, cD, and finally 
cC, The line AC, joining the two extreme stations, is called the 
chain-line, and the perpendiculars aE, hB, cD, are called offsets. 

The lengths of these Unes axe measured by Cfunter's Chain, 
which is 22 yards or 4 poles long, and divided into 100 linkB. 




PLANE TBIOONOMETRT. 107 

> 

Hence 10 chains make a fiirlong, and an acre, 'Which contains 4840 
square yards, will contain 10 square chains or 100,000 square links: 
and, therefore, square links are converted into acres by merely 
cutting off five figures to the right. 

The perpendicularity of the lines aE, &c. may be ascertained 
by the use of the cross-staff, which is a circular piece of woodj 
about 6 inches across, on the face of which two slits are made, 
along diameters at right angles to one another. It is supported 
upon a vertical staff, which is thrust into the ground when the 
surveyor reaches a point, as at a, where the angle IS appears 
to lie at right angles to the line AC, Then, the circle being so 
turned that one slit is in the direction AC, an eye will look along 
the other in the perpendicular direction, and the staff must be 
moved, if necessary, along A C, until the angle E can thus be seen. 
Suppose now ^o = 480, aJ^=480, -45 = 660, 5^ = 200, -4c =860, 
cD = 460, and -4 C= 1340 links. Then these results would be thus 

entered in the fM-hook, beginning 
from the bottom, the measures on the 
Chain Line being set down in the 
middle, and the offsets to the right or 
left on each side. 

Hence the area of the field 
«area^-Be+area-4J^DC=MC'x6^+J^cxa^+JCaxcD[127(3)] 
« ^{1340x200+860x480+860x460} sq, Unks « 538200 sq. links 
B 5.382 acres = 5a lE 2lP nearly. 

129. Without entering further into the details of 
Land-surveying, which may be found in books specially 
devoted to the subject, we shall now give a few in- 
stances to illustrate the applications of Trigonometry. 

It must be taken for granted that it is always possible, 
by means of proper instruments, to measure the angle 
subtended at the eye between two visible points, (that 
is, the angle between the lines joining the eye with the 
two points,) and also the angle at which an object 
appears eleoated above, or depressed below, the hori- 
zontal plane through the eye of the observer. And it 
will be remembered that, in order to determine any 
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triangle, we mtist have three of its jparta given^ one of 
them being a aide. As a general rule then, In order 
to determine any particukr side or angle which may 
be required in a Problem, we must first consider, if 
it be not a part of some triangle, for which we have 
already the three necessary data; and, if not, we must 
seek to determine, by means of the given data, three 
such parts for some triangle, to which the line or angle 
in question belongs. 

Ex. 1. To find the height of a visible object, whose foot is accessible. 

This problem we have solved in some simple cases in (66) : 

more generally, having measured a horizontal base, 

AC, and observed the angle of elevation BAC, then, 

in the right-angled triangle JBAC, we have the two 

^ " parts A C and A, and the height BC- AC tan^. 

Ex. 2. To find the height of a visible ohject, whose foot is m* 
accessible^ and its distance from the place of observation. 

From A, the place of observationi measure a base AD in any 
^^ convenient direction ; and at each end of the base 
observe the angles which the base makes with 
a line drawn to the object, that is, observe the 
angles BAD, BDA. 

Then, in the triangle BAD^ we have the three 
necessary data, from which the distance AB may 
be determined; and, by observing also the angle of elevation, 
BAC, we have the height B€^AB%mA. 

Ex. 3. To find the distance between any two visible, but inacces- 
sible, ohfects, and the distance of either from the place of observation. 

Let B, C, be the two objects, A the place of observation; 
measure a base AD in any direction, but so that the 
two points, B, C, may both be visible from D; and 
observe the angles BAC, BAD, CAD, BDA, CDA. 
Then, in the triangle ABD, we have given AD, 
and angles BAD, BDA; hence we may determine 
the side AS: in the triangle ACD, we have given 
AD, and angles CAD, CDA; hence we may determine the side 
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AC: and now, in the triangle SAC, we have given A3, AC, 
and (Mgle BAC\ hence we may determine the side BC 

11 BC be Bupposed to be vertical, we may in this way de- 
termine the htight BC, when the line AC\i not horizontaL 

130. As the bearings by tbe Mariner's CompasB are 

^5 «) often referred to in Trigonometri- 

-^^^ttS^** * *^ Problems, it a -well that the 

*i>A\ri/7>^;^ Student should make himself ac- 

:is»^ quainted with the lines of the 

~/«^j Compass, and the names given to 

^^* Ae different P&inU. It will be 

*^^ seen that there are in all 32 Points, 

* *" ^ M " the angle between two adjacent 

pomta being W° = HJ"- 

Sometimes, however, the bearings of objects are re- 
ferred to in Problems without the use of the Points, 
as 80 many degrees from the North {or South) towards 
the East (or West). 

Thus, if to a spectator P one object A appears to the NE and 
another B to the SSW, the angle between the lines drawn from 
hit position to the two ohjectA, that is, the angle APB would 
be 10 points = US^-"; and A may be said to have a bearing 
N 46° E, S a bearing N 157i° E, or, better, S 22^° W, reckoung 
from the nearett of the two points, N and S. 

N.B. The logarithms required in the following Problems, (be- 
sides those which may be ^ven in any of them,) will be found in 
Art. 137, or may be obtained &om those theie printed. 
The following square-roots are also given for reference ; 
V2 = 1.4142..„ V3 = l-T320..., ^3 = 2.2360..^ ^6-2.4494... 

^- *•■ I TSO to C I 

1. CslcuUle the area of a field from the «20 £40 
annexed eitract from a field-book. fri^A ^^ 

2. A river AC, whose breadth is 200 feet, runs at the foot 
of a tower BC, which subtends an angle BAC oi 2d° 10' at the 
edge of the bank. Required the height of the tower, haying given 
LtaD2a° 10' ^ 9.ST19628, loge.Se? = .9729928. 
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3. Two observers, 1000 yards apart, in the same vertical plane 
with a balloon, but on opposite sides of it, tal^e its angles of 
elevation at the same moment, 36^ and 54° : determine its height. 

4. A person observes the elevation of a tower to be 60°, and, 
on retiring from it 100 yards further, he finds the elevation to 

be 30°: determine the height of the tower. 

1045 to B 

5. Find the area of a four-sided field firom 435 710 

the annexed extract 147 225 

firom ^ 

6. Two men are surveying, and, when each is at a distance of 
200 yards from the flag-staff, one of them finds the angle between 
it and the other's position to be 3d°. How far are they apart? 

7. From the top of a rock, 500 feet above the level of the sea, 
the angle of depression of a ship's bottom is observed to be 18°: 
find the ship's distance from the foot of the rock, having given 
L tan 18° = 9.5117760, log 1.5388 = .187 1940. (See Art. 155.) 

8. At the top of a tower, 108 feet high, the angles of depression 
of the top and bottom of an upright column, standing on the same 
horizontal plane with the tower, were found to be 30° and 60°: 
find its height. 

9. In a right-angled triangular field, given one side to be 75 
yards, and the perpendicular from the right angle upon the hy- 
pothenuse to be 60 yards, determine the other sides of the triangle 
and the area of the field. 

10. To determine the distance of a ship at anchor at C, I 
measured a straight line AB of 1000 yards along the shore, and 
observed the angles CAB = 32° 10', CBA = 83° 10'. Find the 
ship's distance from A, having given Lcos6° 50' s 9.9969040, 
Lcos25° 20^ s 9.9560886, log 1.0985 » .0408154. 

11. Determine the sides and area of a right-angled field, when 
one angle is 60°, and the line joining the right angle with the 
middle point of the opposite side is 100 yards. 

12. At the top of a pillar, 100 feet high, the elevation of the 
summit of a tower is observed to be 30°, and at the foot of the 
pillar it is 60°. Find the height of the tower. 

13. ^ is a point invisible to an observer at Bi shew that he 
may find the distance ^^ by measuring a base BC (300 yards), 
and observing the angles BCA (30°) and J?^C(54°), 

14. The elevation of an object, standing upon a horizontal 
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plane, is observed, and, 80 feet nearer, the elevation is found to 
be the complement of the former, and now, on retiring 30 feet, it 
is double of its original value. Find the height of the object. 

15. A light^house was observed from a ship to bear N 45° E, 
and, after sailing due South for 6 miles, it bore N 30° £. Find 
its distance from the ship at each observation. 

16. Find the area of a four-sided field, two of whose sides are 
parallel, their lengths 230 and 480 yards, and their distance 
200 yards. 

17. The length of a road, in which the ascent is 1 foot in 5, 
is If mile, from the foot of the hill to the top. What will be 
the length of a road up the same hill, in which the ascent shall 
belfootinl2P 

18. Find the area of a quadrilateral, the diagonal being 108} 
feet, and the perpendiculars on it 56^ feet and 60} feet, respectively. 

19. A person, standing on a river's bank, observes the angle of 
elevation (a) of a tower on the opposite bank : going backwards 
a feet, he then finds the elevation to be ^o. Determine the height 
of the tower, and the breadth of the stream. 

20. An object B is invisible from A : but a base A C (80 feet) 
is measured, and the angle ACB (144°) observed; and again, 
at 2> in the same line, 40 feet further on, the angle ADB is found 
to be the supplement of A CB, Find the distance AB. 

21. From the top of a hill 1 observe two objects, in a straight 
horizontal line, directly before me, and find their angles of depres- 
sion to be 45° and 30° respectively. 1 know that the objects are 
2^ of a mile apart. What shall I find to be the height of the hill ? 

22. Two objects, P and Q, were observed from a ship to be 
at the same instant in a line bearing N 15° £. After sailing NW 
for 6 miles, P bore due JE, and Q bore N£. Find the distance 
between P and Q. 

23. jS is a point which cannot be seen from A : but a surveyor 
measures a line A C (300 yards) and, going on still in the same 
direction, he measures CD (100 yards), and observes the angles 
A CB (64°) and ABB (36°). Determine AB. 

24. The elevation of a tower, 100 feet high, when due N of 
an observer, was 60° : what will it be after he has walked due £ 
400 feet, given tan 13° 53' »> .2471663, tan 13° 54' := .2474750 P 
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CHAPTER VIIL 

ON LOGARITHMS, AND THE EXPONENTIAL THEOREM. 

131. Def. The logarithm of a number to a given 

base is iJve index of that power to which the base must he 

raisedj in order to become equal to the number: so that, 

if a* = any number N^ then x is called the logarithm 

of N to the base a, which is denoted thus, x =» log^Nj 

or (if there be no occasion to mention the base) x => logJV. 
Thus, since (Alg. Port l. 106) 10* = 1, 10* » 10, 10* = 100, &c, 
.*• log„l B 0, logiglO = 1, logiglOO s 2, &c.; and so likewise, since 
c^ = 1, a^zsa, we have log^ 1 = 0, logaa « 1, whatever a may be. 

CoR% Hence, if a* = n, then x = log«n, and a^^* = tiv 

132. By taking any positive number (except unity) 
for base, we may express any positive number as some 
power of it. 

Thus, take a = 10, as above, and let N^2\ then, since 10^= 1 
and 10* = 10, there is some value of x, if we could find it, between 
and 1, such that 10* s 2 : and, in point of fact, it may be shewn 
that this value is (to five places of decimals) .30103, so that 
log|o2 s .30103. It would of course be possible, though tedious, 

to verify this statement by expanding lO-**" or (1+9)1^*'^ to 
a sufficient number of terms by the Binomial Theorem : but ve 
shall see below that such would certainly be the case. 

133. If we give to N the successive values 1, 2, 3, 
&c., and register the corresponding values of a;, (which 
may be found by methods to be given hereafter,) the 
table thus formed is called a ^ Table of Logarithms to 
the base 10'. 

The integral part of any logarithm is called the 
6hara45!teristic^ the decimal part is called the TnanJtissa^ 
or handful^ as it were, thrown in over and above the 
characteristic. Of course when there is no mtegral 
part, the characteristic is 0. 
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134. If the base a be > 1, then since a"* =0, a^ = 1, 
a* = 00 , we have log^O = - oo , log^l = 0, log^oo =3 oo ; 
and thus the log. of any number between and 1 will 
lie between — 00 and 0, and the log. of any number 
between 1 and 00 will lie between and 4- oo * that is^ 
the log. of a number will be positive or negative, ao- 
oording as the number itself is > or < 1. Of course, the 
contrary will be the case if we suppose a to be < 1. 

135. Although, in reasoning generally about Loga- 
rithms, we may consider the base to be any positive 
number other than imity, yet in actual practice we 
shall have only to deal with (i) Logarithms to the base 
10, which are called Common Logarithms, and (ii) Log« 
arithms to the base a, where e denotes a certain number 
2.7182818, (of which more hereafter,) which are called 
Napierian Logarithms, from the name of Lord Napier 
of Merchiston in Scotland, who first invented Logarithms. 

136. It will be seen below that series may be found, 
by means of which logarithms to the base e may be 
readily calculated. Among these will be 

log,10 = 2.3025850928; 

and we shall now shew that, if the logarithm of any 
number to base e be multiplied by the factor 

1 ^ log, 10 = 1 ^ 2.302 &c. = .4342944, 

it will become the corresponding logarithm to the 
base 10. 

For let a?, y , be the logarithms of any number N to any 
two bases a and 5, that is, let x = log^^, y = log^^, and 
/. a* = N=^ V: then, since (131 Cor.) b = rf®»^, we have 

and .'. X = log.&.y, or log.-ST = log^bAog^N. 
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Hence, of course, it follows that 

log,^^= log,10.1og,,JV, or log,o^=^ J— [o X ^^S^^- 

This constant multiplier, by which the two systems 
of logarithms are connected, is called the Modulus of 
the system to base 10, and will be denoted in fdture 
hj M. 

Cor. Log«^= \ogJ>.\og^N^ log„ J.log^c.log^-N'= &c., 
and so on, through any number of bases. 

137. We will suppose then that, by means of the 
Napierian logarithms, we have formed a Table of 
Common logarithms, and from these we will extract 
for our present use the following. 

Logarithms, to base 10, ofaU Prime Numbers fivm 1 to 100. 



No. 


Logs. 


No. 


Logs. No. 


Logs. 


No. 


Logs. 


2 


0.3010300 


19 


1.2787536 


43 


1.6334685 


71 


1.8512583 


3 


0.4771213 


23 


1.3617278 


47 


1.6720979 


73 


1.8633229 


7 


0.8450980 


29 


1.4623980 


53 


1.7242759 


79 


1.8976271 


11 


1.0418927 


31 


1.4913617 


59 


1.7708620 


83 


1.9190781 


13 


1.1139434 


37 


1.5682017 


61 


1.7853298 


89 


1.9493900 


17 


1.2304489 


41 


1.6127839 


67 


1.8260748 


97 


1.9867717 


Alflo log5 = .6989700 : see Art. 188. Ex. 1. 



138. Now the following are the properties of loga- 
rithms, which make them of singular value in diminish- 
ing the labour of Arithmetical calculations. 

(i) Log(w7i) = logm 4- logw, or the logarithm of any 
product = the sum of the logarithms of the factors. 
For, if m = a*, and n = cf^ then mn = a***, and 
.*. log(?»n) = a? + y = logm + logn. 

Hence also 
log(mwjp) = log(mn) + log^ = logm + logn + logp, &c. 



m 



(ii) Log - = logw — logw, or the logarithm of any 

Hi 
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quotient = the remainder obtained by subtracting the 
logarithm of the divisor* from that of the dividend. 

For — = -y = a"^, and .•.log(— ) =aj— y=logm— logw. 

Hence log— = logl — logm = — logm, since logl = 0. 

(iii) Logw** = nlogw, or the logarithm of any power 
of a number is obtained by multiplying the logarithm 
of the number by the index of the power. 

For w" = (a"^" = a***, and .•. log(?w") = Tia? = nlogm. 

As the index in (iii) may be either integral or frao- 
tionalj we see that, by means of the above results, all 
Arithmetical operations of Multiplication, Division, In- 
volution, and Evolution, may be converted into Addition 
and Subtraction of Logarithms. 

Ex. 1. log6 » log2 + log3 » .7781513; 

log5 = log 10 - log2 = 1 - log2 =» .6989700. 

Ex. 2. loglOO = logic = 21ogl0 = 2, loglOOO = 3, &c 

Ex. 3. log4 = log 2* = 2 log2 = .6020600 ; 

log 18 = log2 + log 9 = log2 + 2 log3 = 1.2552726. 

Ex. 4. log .07 = logySo = log 7 - log 100 = .8450980 - 2, i«hich 
is written thus, 2.8450980, it being understood that, in this 
position of the negative sign, it belongs only to the charac- 
teristic 2, and not to the mantissa, which is still positive. 

Ex. 5. Iog2.4 = logfj=log3 + log8-l = .4771213 + .9030900-l 

= .3802113; 
log .0023 = logro¥do = 1.3617278 - 4 = .3617278 - 3 = 3.3617278. 

Ex. 6. loge^ =.4771213 - 1.9867717 = - 1.5096504, which may 
be written thus, - 2 + (1 - .5096504) = 2.4903496. 

139. It will be seen from (138 Ex. 6) how we may 
readily convert a logarithm which is wholly negative 
into one that shall be negative only in its characteristic, 
viz. by increasing the given negative characteristic by 
unity ^ and subtracting from unity the given mantissa. 
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Thus, generally, if — ((7+m) represent a logarithm 
in which the characteristic ((7) and mantissa (m) are 
both negative, then 

- ((7+«i) = -(7-m=:- (1+0 + (1-m), 
where the mantissa is now positive. 

The decimal thus obtained, by subtracting another 
from unity, is called its Arithmetical Complement^ and 
is most readily written down in practice by subtracting 
its last figure from 10 and the others from 9. A 
logarithm tiius modified we may call a Complementary 
Logarithm, and denote by colog. 

By tiie use of Complementary Logaritiims the Sub- 
traction of a logarithm may be turned into Addition. 

Thus log 9^ =log3 + colog97 = .4771213 + 2.0132283 = 2.4903496, 
as before. 

But it is necessary to notice some peculiarities which 

occur in the use of such logarithms, whose chara(y 

teristics only are negative, and of which instances are 

given in the following examples. 

Ex. 1. log A + log 1*9 = log2 + cologl7 + log3 + cologl9 
:= 0.3010300 

+ 2.7695511 Here there was an integer + 2, arising from the 
+ 0.4771213 sum of the positive mantissse, which, combined with 
+ 2.7212464 the sum of the characteristics - 4, leaves - 2 or 2. 

2.2689488 

Ex. 2. log(Ay = 3log A = 3cologl3 = 2.8860566 

3 

4.6581698 
Here there was an integer -i- 2, arising from the product of 
the positive mantissa by 3, which, combined with 3 x 2 » - 6, 
leaves - 4, or 4. 

Ex. 3. logVr^ « |colog71 = 1(2.1487417) = 1.7366345. 

Here it was necessary to imagine the logarithm thrown into 
the equivalent form j(7 + 5.1487417), so that the negative charac- 
teristic may become a multiple of the divisor 7. 
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Ex. 27. 

Obtain the logarithms of 

1. 8, 9, 12. 2. 20, 25, 60. 3. i, i, %. 

4. .03, 3^0, .0033. 5. 1.8, 140, 1.44. 6. .0625, j^Vo* 1-05. 

7. 10.6,4J,4J. 8. .0111, V1J» VlJ. 9. V-l» ^^.02, (1.2)*. 

10. (in f Vl.l, (.069)?. 11. ^ix^lxVf. 12. Vfi^ClVf)}. 



140. There are, however, two observations to be 
made, which greatly facilitate the finding of Conunon 
logarithms. 

(i) In the Common system having given log-ST, we 
can find immediately log (^x 10") or log(iV'-=- 10") 
«= log{Nx 10"^), n being an integer, that is, we can find 
the logarithm of any nmnber, which differs from N only 
in the position cfthe decimal point 

For log(-Arx 10**) = log^± nloglO = logN ± w, and 
consequently, (since ti is an integer,) will differ from 
log^ only in the characteristic, which will be increased 
or diminished by n, while both logarithms will have 
the same mantissa. 

Thus, suppose that we have given log 1362 = 3.1341771 : 

then logl36200 » log(1362 x 10") = logl362 f 2 » 5.1341771, 

log 1.362 => log (1362 f 10») = log 1362 - 3 = _.1341771, 

log.001362 = log(1362T 10») = logl362 - 6 = 3.1341771. 

(ii) In the Common system, the characteristic of the 
logarithm of any nmnber may be written down at once 
by inspection. 

For, if the number lie between 1 and 10, that is, 
between 10^ and 10\ its logarithm must lie between 
and 1, and, therefore, its characteristic will be ; so, if 
it lie between 10 and 100, that is, between 10^ and 10', 
its characteristic will be 1 ; if it lie between 100 and 
1000, that IB, between 10' and 10', its characteristio will 
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be 2 ; and generally, If it have n digits, that is, if it lie 
between 10*"^ and 10**, its logarithm will lie between 
n — 1 and w, and Its characteristic will be n — 1. 

Again, If the number lie between 1 and .1, that is, 
between 1 and -^ = 10"\ Its logarithm must lie between 
and — 1, and, therefore, (with positive mantissa) its 
characteristic will be 1 ; so. If it lie between .1 and .01, 
that is, between 10"* and 10"*, the characteristic will 
be 2 ; if it lie between .01 and .001, that is, between 
10"* and 10"®, the characteristic will be 3 ; and generally, 
if it have n—1 cyphers after the point, the characteristic 
will be n. 

It will be seen that both cases are comprised in the 
following Rule : Reckon the distance of the first digit 
of the number firom the units-place : if It be w places to 
the left, the characteristic will be + w ; if n places to 
the right, n. 

141. Hence it appears that, in the Tables of Conunon 
Logarithms, It is only necessary to register the mantisscBy 
corresponding to certain sequences of figures, which look 
like numbers, but are not really so, because the place 
of the decimal point is not fixed in them. 

Thus, in the Table given belowi we have, opposite to the value 
3570 for Nf the mantissa 5526682, where 3570 is no number, 
but merely a sequence of figures, and the Table shews that for 
all such sequences, wherever we insert in them the decimal point, 
the mantissa is still 5526682 : thus, determining the characteristio 
in each case by (140 (ii)), we have 

log 3.570 or log 3.57 = .5526682, log 35700 = 4.5526682, 

log.00357 » 3.5526682. 

142. The mantissse of logarithms are registered in 
the best Tables to 7 decimal places, corresponding to 
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sequences of 5 figures, as in the lines below, extracted 
from Hutton's Tables. 



N. 

3570 

71 
72 
73 





1 

6804 
8020 
9236 
0452 


2 

6925 
8142 
9358 
0673 


3 

7047 
8263 
9479 
0695 


4 5 

7169 7290 
8385 8507 
9601 9722 
081610938 


6 

7412 
8628 
9844 
1059 


7 

7534 
8750 
9965 
1181 


8 

7666 
8871 
0087 
1302 


9 

7777 
8993 
6209 
1424 


D. 


Pro. 


5526682 
7899 
9115 

5530330 


122 


1 

2 
3 
4 
6 
6 
7 
8 


LSS 
12 
24 
87 
4 9 
61 
78 
80 
98 
110 



Thus, to find the mantissa for the sequence N= 35725, we 
look horizontally along the third column for 3572, and vertically 
down under the figure 5, and thus find it to he 5529722, including 
the figures 552, which, heing once printed (as in the first line) at 
the heginning of the line in which they first occur, are understood 
to he repeated hefore each mantissa, until (as in the fourth line) 
they are replaced hy 553. This change, however, actually hegins 
with the last two mantissae of the third line, where the dotted 
figures are introduced to mark this : thus, the mantissa for 35728 
is 5530087. 

In some hooks, instead of a dotted figure, a figure with a line 
above it, as 0, or a smaller figure, is used to mark the point where 
this change hegins, if it happen not to he at the heginning of a line. 

143. Although the mantissae are only given in the 
Tables for sequences of five figures, yet they may be 
readily found for sequences of six or seven figures by 
the following considerations. 

It will be shewn hereafter, that, when the difierence 
of two numbers is small compared with either of them, 
the difierence of their logarithms is very nearly propor- 
tional to the difiference of the nimibers. 

Now let wi, w + i>, be the mantisssB for two consecu- 
tive numbers, N and N+ 1^ each of five figures, m + d 
the mantissa for a number N-j- n^ Ij^g between them, 
that is, having the same integral part as N^ but one 
or more figures after the decimal point. Then, since 
the three numbers have all the same number of integral 
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digits, they will have all the same characteristic, and 
BO the difference of their mantissas will be the same 
as the difference of their logarithms: hence, by the 
above statement, 

D : d :: 1 : rij or rf = nD, 

by means of which result we may find d when n is 
given, or, conversely, n when d is given, 

£x. 1. To find log35.7235 and log .003572357. 

Here JV= 35723, JV+ 1 = 35724, iV+ n = 35723.5, and .'. n « A ; 
and 2> = the Difference of the mantissee of 35723 and 35724 = 122 : 
hence for 35723.5, <;= ^ of 122 = 5 x 12.2 » 61 ; and thus, the whole 
mantissa for 35723.5 heing 5529479 + 61 = 5529540, we have 

log 35.7235 = 1.5529540. ' 

So for 35723.57, d = ^Vb of 122 = 57 x 1.22 = 69.54 = 70 nearly ; 
and thus the whole mantissa for 35723.57 heing 5529479 -i- 70 
= 5529549, we have log .003572357 = 3.5529549. 

£x. 2. To find the numher corresponding to the log 2.5528797. 

Here, referring to the Tahle on page 119, the next lower 
mantissa is that for 35717, viz 5528750, and .'. d^41: henoe, 
since the difference (2>) hetween the mantiss^a for 35717 and 
35718 is 121, we have n = d^ D= ^i = .38, (it heing useless to 
go heyond two decimal places, for a reason that will appear here- 
after ;) and so if the numher of five figures, referred to as y in the 
proof, be 35717, the number N+ n will be 35717.38; from which 
we see that the given mantissa corresponds (141) to the Mqiience 
3571738, and therefore the given logarithm (the characteristic 
being 2) corresponds to the number .03571738. 

144. But the columns headed D. and Pro. (Propor- 
tional Parts] are intended to facilitate the calculation of 
such logarithms, and the converse operation of finding 
the corresponding number from the given logarithm. 
The column D. shews that the prevailing difference be^ 
tween two consecutive mantissas in this neighbourhood 
is 122, as will be seen at once to be the case by looking 
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at them, the difference being sometimes 121, but gene- 
rally 122: further back in the Tables, it would have 
been 123, 124, &c., and fiirther on, 121, 120, &c. 

Now, for each value of i?, there is formed what is 
called a Table of Proportional Parts, by multipljdng 

— , that is, in this case, 12.2, by 1, 2, 3, &c., which 

products give 12.2 = 12 (nearly), 24.4=24, 36.6=37, &c., 
(as in the extract on page 119), the integer only being 
retained in each product, but (14 Ex. 2) increased by 
unity when the rejected decimal part equals or exceeds 
^ or .5. The use of this will now be apparent : for since 
d — nD^ let a, )8, &c. be the figures in order of the 
decimal n; then 

Now, in the Table of Pro. Parts, the first column 
contains the successive values 1, 2, 3, &c. which a or /3 
might have, and the second contains the corresponding 

values of a — . In order, therefore, to find a — , we 

have only to glance at the Table, and take downlhe 
number opposite to the value of a; and, in order to 

find B -— r , we have only to take down rfJ^ of the 

number, opposite to the value of yS. 

Ex. 1. To find log357.2357. 

Here we have mantissa for 85723 » 6529479 

diff. for 5 e 61 

diff. for 7 = 8.6= 9 

5529549 
and| therefore, the logarithm required is 2.5529549. 

Ex. 2. To find the number corresponding to the log. 1.6529789. 

Here the mantissa next below the given one being that for 

35725, viz. 5529722, we have d = 67, from which taking 61, which 
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we see, by the Table of Proportional Parts, gives tke nxtk 
figure 5, we have still remaining 6, which, being ^\ of 60, shews 
that the seventh figure is 4 (nearly 5)i hence the sequence re- 
quired is 3572554, and the number (the characteristic being 1) 
is .3572554. 

Ex. 28. 
In these Examples the Tables on pp. 114, 119, are to be coneuUed, 

1. Find the logs of 35.70925, .3572739, .003571246, 3.572804. 

2. Find the numbers whose logarithms are 

3.5528742, T.5530895, 4.5527777, .5530199. 

3. Given log2000.1 = 3.3010517, construct a Table of Pro. Parts; 
and find log 20.00094, and the number whose log is 2.3010489. 

4. Given log31.001 = 1.4913757, 

find the logarithms of 3100023, 31000i, and 31^-^0- 

5. Find the value of V2J x */3} x V4 J x v^5 J, 

given log4.4985 = .6530677, log4498.6 = 3.6530774. 

6. Find the value of V357.1328 ^ ^/35712.75, 

given log57.386 = 1.7588060, log.057387 = 2.7588135. 



145. We shall now explain the method of calculating 
logarithms to the base e, 

Eocponential Theorem: To expand a" in a series of 
ascending powers of x. 

a-={l+{a-l)r 

, ^. x(x—l), ,v„. cc(aj— l)(aj— 2) , ^.. ^ 
-H-^(«-l)+-\2" (^^^) -^ 1.2.3 («~1) +&C. 

= l + x{A + Bx-^-Ca? + &c.} suppose, 

where -4, (the sum of those terms within the bracket 
which are independent of a?,) is easily found by putting 
ic = within the bracket, when there remains 

(a-l) + ^(a-l)' + t:i|=l)(a-l)» + &c., 
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or (a- 1) - i{a- 1)» + J(a- 1)' - &c., 
which is therefore the value of A. 

We have then a"' = 1 + Ax + Bx^ + Ctc' + &c., 
where A^ J5, (7, &c. are functions of a, altogether inde- 
pendent of a?, and will therefore remain the same for 
the same value of a, however we change that of x. 

Hence a'^*= 1 + J:(aj+A) + J5(aj+A)* + (7(a;+A)' + &c.: 

buta'^* = a'.a*={l + ^a; + J5aj* + Gz^ + &c.}a*; 

therefore, equating coefficients of a? in these identical 

values of a***, we have 

J[ + 2J5A+3OT+&c. = u4a*=^{l+^A+J5A'+OT+&c.}: 

hence, equating coefficients of different powers of h 

in the above, we get 

A^ AB A^ 

A^x* ^V 
so that we find a* = 1 + Ax -f -r-r- + 7-77-^ + &c., 

1*2 1.2.3 

where ^ = (a- 1) - i(a- 1)" + i{a- 1)' - &c. 

146. Since the above result is true for all values of x^ 
take X such that Ax = 1 ; then 

a? = -7 , and a = 1 + 1+ —- + -— - +&c.=2.7182818 &c., 

which number it is usual to denote by e ; hence a^ = e, 
or a = 6^, and therefore A = log,a, and 

o' = 1 + (log.a) a; + (log.o)" — + (log.a)' ^^ + &c.: 

whence also, writing e for a, we get, since (131) log,«=l, 

147. We have 

(1 + - J «= 1 + fi + \ , ^ -5 + &c. = 1 + « + — r + &<5. 

\ «/ n 1.2 w" n 1.2 

=— ('-;)i*{'-i)G--;)^*^ 

g2 
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Now, as n increases, it is plain that - decreases, and tends to 
zero as its Limit : hence we see that, as n increases, the Limit of 



HJ- 



^ -^ * ^4 " m ^ **^ *" •"• 



148. By (146) we have («* - 1 )» = (« + Ja* + &c.)» = ai" + &c. (i) : 
but we have also («*- 1)" = e" - n^^ + *'^""^^ ef** - &c. (u), 

in which each of the quantities c***, c^**"*^, &c. may be expanded 
by (146), so that the whole coefficient of x^ in (ii) will be 



1.2.. .r 1.2...r 1.2 1.2.. .r 

taut in (i) the coeff. of of is zero, if r<», and it is 1, if r = fi; 
hence, since the two expressions for (c*- 1)** must be identical, 

»' - n(n-iy + ^^^^ (n-2f - &c. = 0, if r<n, 
and »** - w (« - 1)" + ^^^"^^ (» - 2)- - &c = 1.2.3. ..». 

149. In the value of log,a=-4=i=(a— l)-^(a— l)*+&c., 
write 1 + a? for a, and .'. a? for a — 1 ; 

then log,(l + i») = a? — 4^ 4- Ja^ — iaj* + &c. 
Hence we might proceed to find the logarithms of 
numbers; thus 

1 o . lllo 111^ 

^^'^ = ^"2 + 3"4 + *^-=^ 1:2 + 3:4 + 5:6 -^^^^ 
but the series thus obtained are not sufficiently con- 
vergent, as it would take very many terms to obtain 
the logarithm accurately to six or seven decimal places. 

150. A more convergent series, however, may fee 
obtained, as follows, from the above. 

Since log,(l + aj) = a? — ^aj* + ^aJ* - |a?* + &c., 
.-. log,(l - a?) = - a? - ^«" - JaJ* - ia* - &c., 
by writing — a? for a? : and hence 

log,(Hra;)-log,(l-a:) or log,--±5=:2{a:-|-Ja:^+ia:^+&c.}. 
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In this senes wnte for x. and /. — for :; : 

m + n ^ n l—x' 

.-. log, -=2-^ -—- + -— — +7 — — +&c.k..(a 
^' n (w+w 3 \m+nj 5 \m-\-n/ ) 

K n = 1, then 

•»^."-{Si-KS)"n(Sl);-^-<« 

a convergent series, from which the logarithms of low 
primes may be fomid. 

Thus log.2 = 2 |i + 1 . i f 1 . i + &c.} = .6931471806, 
as may be seen by taking nine terms of the series. 

151. Again, If in (a) we put w = w + 1, we get 

log.^ =log.(n+l)-log.n=2{^ + \ ^, +&c.},(7) 

a very convergent series, by means of which, having 
given the logarithm of one of two consecutive numbers, 
n and n + I9 we may find that of the other. 

Thus log,9 - log.8 = 2 log,3 - 3 log,2 = 2 11 + ^3 -f &c.} ; 

and by means oi four terms of this series, having given log«2 
above, we may find log,3 =: 1.0986122884. 

Again log,6 - log,4 = log,6 - 2 log,2 = 2 |g f — + &c.| , 

by taking ^06 terms of which series we get log, 5 = 1.6094379122, 
and, adding log, 2 to this, we have log, 10 = 2.3025850928, and 
thence, by conmion division, the modulus M 

= 1 f log, 10 = .4342944819. 

152. Once more in (7) write a? for n+ 1, and, there- 
fore, 2a;* - 1 for 2n 4- 1 ; then 

a? 
'^^'Z^^ ^ ^ ^^^'^ " ^^^'^^ "^ ^^ " ^^^'(^ "* ^^ 

=^^{2^1 + 3(2a/~l)' + ^4"''^^ 
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a very rapidly converging series, by means of which* 
having given the logarithms of any two of three con- 
secutive numbers, n + 1, n, w — Ij we may find that of 
the other. 

Thus, taking the numbers 5, 6, 7, of which the logarithms of 5 
and 6 (- 2 X 3) are now known, we hare 

2 log.6 - log,7 - log,5 = 2 {^ + j^ + &c.}, 

whence we may find log«7, &c. 

Or the same may be found by (7) as follows : 
log,50 - log,49, or (log,2 + 2 log,6) - 2 log,7 = 2{^\ 4 &C.}. 

153. By means of the above (or othet similar formulas) 
a table of Napierian logarithms may be formed; and 
then these may be converted Into logarithms to the 
base 10 or to any other base, by multiplying each by 
the proper modulus. 

Thus logio2 = M log.2 = .4342944819 x .6931471806 = .3010300 ; 
and so we might find log,2 = (1 t log,3) x log^2 = log,2 flog, 3, &c. 

Or, having once obtained log^lO and, by means of it, 
the modulus^ we may write at once in (a) 

and so we get, corresponding to the formulae (yS), (7), (S), 
log,„m=2Jlf{^ +&c.}, log,,(n+l)-log,,n=2if{2^ +&c.}, 

and 2log,,aj-logJa;+l)-logJa;-l)=2if {^^^ +&c.}: 

and thus we may calculate inuuediately the common 
logarithms, without finding the Napierian. 

164. We are now able to prove the statement made 
in (143), viz. that, when the difil of two numbers is small 
compared with either of them, the diff. of their logs is 
very nearly proportional to that of the numbers. 
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For d=\ogJN+n)-\os^^N^\og^^'^=Mlog.[l+^) 

= by (149) M{^- 2 ;^ +&C.} = -^n nearly, 

VT/hen n is small compared with N: that is, dec riy or the 
increase of the logarithm is proportional to the increase 
of the number. 

Also B = log,, — ^ = J<^log,{l + j^) = jj7 nearly ; 

now Jf=.43&c, and is, therefore, <^, while ^, if a 
number of five places, is > 10000; hence we have 

-0 < isiro < .00005 in every case, and .•. —-— would at 

the utmost only have its first significant figure in the 

eighth place of decimals, and so the term 7 jtt^ in 

(144) could only, if at all, afiect the seventh or last figure 
of the mantissa, but would not generally afiect it at aU : 
thus to 7 places of decimals the logs of 35714.23 and 
35714.232198 &c. would probably coincide, the diflFerence 
appearing in the 8* and following places. Hence with 
Tables, which give mantiss® only to 7 figiu-es, we can 
only expect to find the numbers, which correspond to 
given logarithms, correct in their first seven figures. 

155. As the sines and cosines of all angles, and the 
tangents of angles less than 45'', are aU less than 1, their 
logarithms would be negative. To avoid the awkward- 
ness of printing these, the logs of all the Ratios are 
increased by 10, and the true log of any Batio is, there- 
fore, to be found from the Tabular Log by diminishing 
it by 10: so that, using Log-sin^, Log*cos^, &c., or 
Lsin^, Lcos^, &c., for the Tabular logarithms, we 
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have log-sin -4 =* Lain -4 — 10, &c. Here likewise, as 
in (102), the same column, that serves, with a descending 
column of minutes, for Lsin^, will serve, with an as- 
cmding colmnn of minutes, for L cos (90** — -4), &c.; 
so that the Tables of Log-functions need not be carried 
beyond 45**. 

Aeain, since sin-4 = 7 , we have 

^ ' cosecu4 ^ 

log-sin -4 = logl — log-coscc^ = — log-cosec^ ; 

whence (Lsin^d — 10) = — (Lcosec-4 — 10), 

or L 8in4[ = 20 — L cosec^, L co8ec-4 = 20 — L sin^. 

And similarly for the other pairs of reciprocal fdnctions. 

156. We shall now shew that the prindple of (104) 
applies also to the logarithmic^ as well as to the natural 
functions, of angles, namely, that for a small increment 
of the angle the increment of the log-sine, &c. is pro- 
portional to that of the angle, with the same cases of 
exception as before. 

For let / denote the value of any of the natural 
functions of 0] then, by (104), f+kS will be the ap- 
proximate value of the same fdnction of ^ + S, where k 
is some constant quantity depending only upon ^, not 
upon S, [thus for the sincj Jc is cos^, for the cosine, k is 
- sin^, &c., as appears in (104),] S being supposed very 
small, and 6 itself not in the excepted cases. 

Now log(/+ U) - log/= log«^^ = log(l +^S) 

/fe 1 jfc* k 1 

= M{-^ ^ "■ o 75 ^+&c) ^ ^-f 8? nearly, where M^ 5 — r^r . 

So that, whatever be the function in question, we see 
that the increment of the log-function, and, therefore, 
also of the Log-function, of any angle is proportional to 
the small increment of the angle, provided that the 
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angle itself be not In one of the excepted cases, namely, 
near 90'' for the sine, tangent, and secant, (that is, for 
those fiinctions which increase from 0** to 90**,) and near 
O"* or ISO"" for the cosine, cotangent, and cosecant, (that 
is, for those functions which decrease from 0** to 90"*). 

Hence we may apply precisely the same method as in 
(103) to find, approximately, the Log-function of any 
angle not exactly given in the Tables, or, conversely, to 
find the angle from its Log-function. 

157. Moreover, since 

L co8ec(-4-Hi") — L cosec^ = log-cosec(-4+n") — log-cosec-4 
= — log-sin(-4-f-n")+log-sin^ = — {Lsin(-4+n")— Lsin^l, 

it appears that the differences for the Log-cosecants will 
be the same as for the Log-sines, being increments for 
the one and decrements for the other. Accordingly, iji 
any set of Tables, the successive values of D for the 
sine and cosecant, for the intervals at which those Tables 
are constructed, will be found registered in the same 
vertical column. Similarly for the cosine and secant, 
tangent and cotangent. 

158. If in (104 (i)) we put d for sand, and ^d for tan} a, we get 
nnifi^i) - ^n0 = « co8^(l - ja tan^) = dcoa^ - ia^gin^, 

or !l£(£+i) = l+(acot^-ii.), 
and LBm{0 + a) - L sin ^ = log-ain (^ + a) - log-sin^ 

= M{{i cot^ - iH') - i(d cot^ - K)« + &c} by (149) 
» Mi cot^ - iM^{l + oot"^), if we include d and a*. 

Hence, though a may be small, yet if cot0 be very large, or 
near 0^ we cannot omit the term inyolving a", that is, we cannot 
assume the principle that the increment of the Log-sine is pro* 
portional to that of the angle : and the same may be shewn to 

q6 
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be true for the tangent. Now it Tery frequently happens in 
practice that a very small angle has to be determined from its 
sine or tangent. Accordingly, in the best sets of Tables, a table 
is given of Log-sines and Log-tangents for every second in the 
first two degrees. 

159. If we have to determine accurately an angle, 
which is given by some one of its fmictions in one of 
the excepted cases, we must replace the given equation 
by some other not liable to the same objection. 

Thus, if we have given sin^ =a, where a= 1 nearly, or A lA 
near 90°, we may write 

sin(45«- J^) = VCiU -co8(9QP-A)}-] = VU(1 -sin^)} = V{ia -«»* 
where the angle 45° - iA will be near 0°, and can be computed 
accurately from its sine. 

So if we have given cosAs^a, where A^\ nearly, or ^ is 
small, we may write 

sin J^ = V{i(l - cos^)} = V{1 (1 - «)}, where iA is near (f : 
or, if tan^ = a, where a is very great, or A is near 90°, we may write 

tan(^ - 45°) = ^^°^ " ] = ?^ , where A - 45° is near 45°. 
^ ^ tan^ + 1 a + 1 

Ex. 29. 

1. Given L sin 11° 24' ^r^ &.2959129, and L sin 11° 25' » 9.2965390; 

find L sin 11° 24' 25", and Log.sin-'9.2959875. 

2. Given L cos 60° 1' = 9.698751 1> 

find L cos60° 0' 20" and L sin29° 59' 15". 

3. Giv«n L tan44° 59' = 9.9997473, 

find L cot 44° 59^ 20^ and L cot45° 0* 35". 

4. Given Lcosec30° 1' = 10.3008113, 

find Lsin30°0'45" and Log-sin"* 9.6990999. 

5. Given L cos 30° 1' = 9.9374577, 

find Lcos30° C 20", Lsin59° 59' 25", and Lsec30^ (f 25". 

6. Given L cot44° 59' = 10.0002627, 

find Ltan44°5SP20", Ltan46°0'30", andLog-cot-*10.0001234. 



MISCELLANEOUS EXAMPLES: Pabt 1. 



*•* The following Examples are of a most simple character, and 
have been constructed expressly to illustrate the text of Part h 
At the end of Part II will be found a large collection of more 
general miscellaneous Examples, arranged progressiyely in order 
of difficulty. 

li If one angle of a triangle be three-fourths of another, and be 
half as large again as the thirds determine the three angles. 

Ans. 60°, 80°, 40°. 
2. One ulgle df a triangle is greater than another by 30°, and 
less than the third by '6Qf : express them all in degrees. 

Am. 61°, 31°, 88°. 

8. The base-angle of ah isosceles triangle is three-foutths of the 

vertical : find the three angles. Ans. 72°, 54°, 54°. 

4. ABODE is a regular pentagon : join BD^ CE, cutting in F\ 
and shew that BaBF is a parallelogram, whose angles are in 
the ratio bf 2 : 3. 

5. What will be the length of a railway-curve, which subtends 
an angle of 45° to a radius of a mile P Ans, 1382 yds, 

6. One angle of a triangle is 45°, and another is 45^ : find the 
third both in degrees and grades. Ans, 94|° = 105^. 

7. Find the measures of two arcs, of ir feet and ir degrees^ to 
a radius of b\ft. (?r = 3J) Ans. f j ^Ws- 

8. Determine the angles of a triangle, when the exterior angle of 
one of them = two-thirds of that of the second = foUr-fifths of 
that of the third. Ana, 84°, 36°, 60°. 

9. Express the complement of a measure in degrees, and the 
sUpplemeUt in grades. Ana. 32° 42' W) 136*' 33* 80". 

10. One angle of a triangle is a fourth as large again as the sum 
of the two others, and half as large again as their difference : 
find the largest angle in degrees. Ans, 100°. 

11. The sum of the angles of one regular polygon : the sum of 
the angles of another : : 7 : 8 j but each angle of the first : 
each angle of the second : : 35 : 36 : find the number of sides 
in each polygon. Ana, 9 and 10. 

12. The vertical angle of an isosceles triangle is ^ : find one of 
the base angles. Ana. 80° 25^ 46^ 
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13. ThjB angles of a quadrilateral are as |, h h i' express them 
all in measures. Ana, iv, fsr, fv, ^. 

14. Express in measures, degrees, and grades, the angle sub- 
tended by an arc of an ifich to a radius of afoot. 

Ans. A ; 4^ 46' 29*; 6^ 30* 62\ 

15. The exterior angle of a triangle is double of the difference of 
the two interior and opposite angles, and is also half the sum 
of their complements. Determine the angles of the triangle. 

Ans. 120°, 45^ IS". 

16. Find the number of sides in a polygon when there are as 
many degrees in the sum of its angles as there are grades in 
the sum of the angles of a polygon, which has one side fewer 
than the former. Ans. 12. 

17. If the circumference of a circle were divided into 315 degrees 
(instead of 360), shew that an arc equal to the radius would 
contain 50° nearly, (w = 3^) 

18. One angle of an isosceles triangle is 2 : determine its angles 
in degrees. Ans. 114° 35' 30", 32° 42' 15", 32° 42' 15". 

19. Two cylinders of equal bulk have their lengths as } : } ; 
compare their radii. Ans. 4 : 3. 

20. 11' tan^ = 1^, find the value of sin^ -I- cos^, and shew that 
vers^ = 2 covers^. Ans. If. 

21. A cocoon of silk was unwound by 378 turns of a reel of 

10 inches' diameter : what was its length ? (tt = 3|) 

Ans. 330 yc&. 

22. One angle of a triangle is ^ : what must the second be, that 
the third may be ^ ? Express it in measures and degrees. 

Ans. 2 Jb (nearly) = 120° 19' 16*. 

23. How many cubic yards of earth will be taken out in digging 
a circular well 42 ft deep, with a diameter of 6 ft ? Ans. 44. 

2ab a* -^ 2ab 

24. Given sin^= . -, , find cos^ and tan^. Ans. 



25. If 1 = sin'^ cosec'^+cos'^ cos'C, shew that sinC=tan^ cotB. 

26. Three angles of a quadrilateral are ^, tt^, and tt, respectively* 
express the fourth in degrees and grades. 

Ans. 174° 1' 52" = 193^ 36* 78". 

27. Prove that the circular measure of 23° ia .401425 ... 

28. If an arc of 2f, to a radius of 2|, be formed into the cir- 
cumference of a circle, what will be the radius of the circle ? 
(?r=3i^) Ans. IJ. 
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29. Shew that (sec J w + tan ^w) (cosec Jir + tan ir) = 6. 

30. Determine sin^ from the equation OsinM - 4tan'^ » |. 

31. If m vers^ - n ver8(w - ^) + /? ver8(w + ^) = 0, find cos^. 

m •¥ fi — p 

32. ^ is the centre of a circular plot of ground, whose radius 
AB s 50 yards : with what radius A C must a circle be de- 
scribed, so as to be half the size of the given one ? 

Ans* 35.4 yd8y nearly, 

33. How many degrees, &c. would the arc in Ex. 28 make of a 
circle whose radius is 3f ? Am. 1 14® 35' 30". 

34. Express sin 1 1 0°, cos 220°, tan 330°, cot 440°, sec 650°, cosec 660°, 
as functions of angles less than 45°. 

Ans. +cos20°, -cos40°, -tan30°, +tanlO°, -seclO°, -sec30°. 
85. Write the general value of cosec"* 2. Ans. {6n + (- 1)"} \jr. 

36. If m sec^ - tand w 1 = n cosec + cot^, eliminate 9, 

Ana, m* •^n*^ 2. 

37. If tand = 1|, obtain the numerical value of 

(sin ^ + tan ^ + seed) (cob d-fcot^^ cosec d). Ans, 9.88. 

38. Find the continued product of 

8in(^ - 90°) + cos (A - 180°), cot (^ - 90°) - tan(^ - 180°), 

sec (A - 90°) - cosec(-4 - 180°). Ans. 8. 

39. Write down the general value of 0, when (vers^)' = i. 

Ans. (6n±l)j7r. 

40. If sec^ + cosec ^ = m and sec^ - cosec ^ = n, shew that 

tan A = ; and eliminate A, Ans. (m* - n*f = 8(m* + n*). 

m-n 

41. Shew that vers(^w + ^) = covers (w + ^) = suvers(f^+ ^). 

42. Given sin (w - 0) cos (0 - fir) = sec (f w - 0) cosec (0 - 27r)y find 
bidlO, Ans. icosec0. 

43. Write down the general values of dr in the equations 

(i) 3 (tan«)« = 1 (ii) cosx = -i. 

Ans. (6n+l)iir, (6n + 2)j9r. 

44. The angles of a triangle are as 1, 2, 3, and the greatest side 
exceeds the least by 100 yards : find the area. 

Ans, 8660 sq. yds. 

45. If sin(-4-C)co85f8in(5-C)co8^=0, thentan-44tan5=2tanC. 

46. Prove that co860° 1' = cosV - cos59° 59'. 
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Prove the truth of the following formulse : 

47. 8uver8(60° + -4) - covers (80° + -4) = cos A. 

^„ cotJ-4 , . .- 8in-4 + 8in2-4 ^ ^ . 

48. — =--- = 1 + sec^. 49. 3 jr-7 = tanf^. 

cot^ 008^4 cos 2^ 

60. ver8(^+45°)-covers(-B-i-45°) = 2smJ(^+-»)8m{45*»+K^ - B)}. 

5 1 . (sin^ + sin-B)* + (cos^. + cos-B)* = 4 cos* J(-4 -^ B). 

52. (l-cot5-4)'=2 7. 53. ^ ^-j =cot4 + cot2-4. 

l-cos^ COSul-COSO^ 

64. cos{A + -B) co8(^ ^B)- cos(B + C) cos (B - C) 

+ co8(^ + C) COS (A - C) = cos 2^. 

55. tan(46°+5^) + cot(45^+i^) = 28ecji. 

_- tan-4 1 ^ o J 

56. .— - — -J--: — J- = tan 2-4. 

1 + tan-4 1 - cot-4 

67. vers (A - B) suvers (-4 + -B) = (sin -4 -- sin Bf, 

68. 2 sin (45° ^- A) sin(45° + -B) = cos (^ - i9) + 8in(^ + B). 

8m*2A - Uia'A cot(60° + .4) 2-Bec2A 

^^' sin*2-4+48in»^-4"^'*' ^"' tan(60°-^)" 2 + scc2^ ' 

61. One side of a right-angled triangle is half the hypothenuse, 
and the perpendicular from the right angle on the hypo- 
thenuse is 60 feet: determine the perimeter. Ans, 32S ft, 

82. Shew that cos47° - cos61° - cosll^ + co825° = sin7°l 
and sin47° + sin61° - sinll^ - 8in26° = cos7°/ * 

63. Shew that tan-^^^o + tan'^^i = iw. 

64. The Sun's distance from the Earth being 24,000 times the 
Earth's radius, find (in seconds) the Earth's apparent diameter 
as seen from the Sun. Ans, IT. 

65. Assuming the height of the Great Pyramid to be 486 feet, 
how far off may it be seen across the desert P Ans. 27 milet. 

66. If Af B, C, are in A. P., shew that 

sin -4 - sin C =5 2 8in(-4 - B) cosB, 

67. Shew that, to four places of decimals, tan22° 30^ = .4142. 

68. Given sin 29° 59^ = .4997481, determine sin 29° 59" 30", and 
sin* .4997777. Ans. .4998740; 29° 69' 7^ 

69. In any triangle, right-angled at C, shew that 

tan.4 + 8ec-4 _ 6 c- b 
cotA + cosec^ ~^ a' c-a* 
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70. Taking the Sun's mean apparent diameter as ^1^', and his 
distance from the Earth 96 millions of miles, shew that, if his 
centre were coincident with the Earth's, his body would 
extend in all directions (nearly) 200,000 miles beyond the 
Moon, whose distance from the Earth is 240,000 miles. 

Ans, Sun's diameter - 879,645 miles = 880,000 miles, nearly. 

71. Shew that tan-'(2 + V^) - tan-'(2 - V3) = sec-*2. 

72. Chimborazo, among the Andes, can just be seen from the 
surface of the sea at a distance of 177 miles. Determine the 
height of the mountain. Ana, 20,806^. 

73. In any triangle, right-angled at C, shew that 

Ters-4 : vers-B :: a"(a + c) : 6*(6 + c). 

74. Taking the Sun's diameter as 880,000 miles, and the Earth's 
as 8000, compare the apparent magnitudes of the Sun and 
Earth, as seen from each other. Ans. 12100 : 1. 

76. If, in any triangle, a" = i* + 6c + c*, shew that A = 120°. 

76. The sides of a triangular field are 330 yds, 275 yds, 275 yds: 
find its area. Ans. l^A. 

^.T T * • 1 1. xu X 8in(-4-5) (a*-6")8in-4 

77. In any tnangle shew that . _ — 7=7 = 77^ — ,, . ^ . 

78. Solve the triangle ABC, given A ^ Z(f, AC => 3 y/3, BC ^ 3. 

Ans. -B = 60°, C=90P,^-B=6jor J? = 120°, C^dGP,AB-^3. 

79. Given Lcot72° 15' = 9.5052819, Lcot72*' 16' = 9.5048538, find 
Lcot72° 15' 35", and Ltan 17° 44' 20". 

Ans. 9.5050322, 9.5049965. 

80. In any triangle, shew that the area may be expressed by 

asin^ sinC 



I 



(ft' + c*) 



'^^ ""^6sin^ + csinC* 

81. In a triangle, right-angled at C, given A = 54°, c= 108^: 
solve the triangle. Ans. B = 36°, a = 87.4^, b = 63.5 /f. 

82. Shew that, in any triangle, 

sin-4 4- sinC cosC - co8-r4 ^ , ^ 
cosA f cost/ sm-4 - smC/ 

83. Givenlog2 =.3010300, find the logs of h28, .00128, and (tJg)'. 

Ans. .1072100, 3.1072100, 7.6783700. 

84. Find the area of a parallelogram, whose adjacent sides are 
26ft and SOfl, and included angle 54°. Ans. 606} sq.ft. 

85. Solve the triangle ABC in which AB = 100^, BC« 50ft, 
and ABC = 60°. Ans. AC^ Se.Sft, -4 = 30°, C = 90^ 
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86. Qiven AB ^ 125 f/d8, ^ C» 80 ydlf, and ^ => 60° : find the area 
of the triangle. Ans. ds 23p 4j^ eg. yds. 

87. Find the logs of 12.5, .00132,2.16, 14f, from the logs given 
in (137). Ans. 1.0969100, 3.1205740, .3344539, 1.1529674. 

88. The ascent of a rail-road incline is 1 in 472 : find the angle of 
inclination in minutes and seconds. Ans^ T 17''. 

89. Find the value of V7, having given the mantissa for 7, 13204, 
13205, to be 8450980, 1207055, 1207384, respectively. 

Ans. 1.320469. 

90. Prove the truth of the following Rule in Surveying : Take jis 
of the square of the distance in ehams, and it will give the 
correction for curvature in inches, 

91. The perimeter of an equilateral field is 20 chains: find its 
area. Ans, 1a 3b 28p, nearly. 

92. The angles of a triangle are as 1 : 2 : 7 ; compare the greatest 
and least sides. Ans. V^ + ^ • V^ ~~ ^« 

93. Shew that cot-*2 + cot"*4 = cof'3 + cot"*5 + cof*7 + cot"*21. 

94. Shew that a foot will subtend an angle of 39*, nearly, at 
a distance of a mile. 

95. If^ + ^ + C=90°, shew that co8«(^ + JJ?) + cos*(C+JJ?)=:l. 

96. The perimeter of an isosceles triangle is 50 yards, and the 
vertical angle is 120°: determine the area, Ans. 11\ sq, yds, 

97. If .4 + jB + Ct= 180°, shew that 

sin(^ + 2B) -h sin(^ + 2 C) + sin( C+ 2A) 

= 4sinJ(^-jB)sinJ(B-C)sin4(C-^). 

98. A field is in the form of a right-angled triangle, whose 
hypothenuse (AB) is 200 feet, and one angle {A) 30^. How 
much longer would it take to run along the sides AC, CB, 
than to go straight from A to B, at the rate of 4 miles 
an hour? Ans, 12^", nearly. 

99. Shew that 1 + cos (^ - -B) + cos(5 - C) + cos( C- A) 

= 4cosiM-jB) cobUB'C) cosi(C-.^). 

100. A tower subtends an angle of 60°, to an observer at a certain 
distance from its base, and, 100 feet further oS, it subtends 
an angle of 45°. Find its height, allowing 6 feet for the 
observer's height. Ans, 243^. 
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